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ABSTRACT
A technique for deriving the translation, rotation, and scaling differences of two related digiøl images has been

developed for a 3-D measüement instrument. Because of restricted illumination and viewing angles tl¡ere are ' in
g"n"*i, some obscured image regions. By combining images from two views - which must be accurately registered -

ã single image with no obscurations cån be produced. The mathematical principles of the process - lnown as phase'

only correlatian - are outlined and various sæps in the process are illustraæd with compute! images.The

correspondence of processing in the real space domain and the Fourier space domain is demonsrarcd. Typical

u.ror*i", of +/- 03 pixel over a range of +l- 20 pixels are obøined. Some improvements to the technique for

increased accuracy a¡e identified.

INTRODUCTION
Accurate shape measurement is an important paÍ of many manufacturing processes. The CSIRO Division of Applied
physics has developed a number of optical systems for non-contact shape measurement. One instrument we have

recently developedis the Optical Surface Prohler ( OSP130 ) which is used for the non-contact metrology of master

tooling at the Royal Australian Mint. Tooling wittr diameters in the range 10mm to 300mm can be measured over a

large array of equally spaced points, typically 560x560. This instrument uses a technique calted projected fringe

prontor"t y which will be explained in the next section. Until recently a major limiøtion of the technique has been

the maximum slope of surface features which could be measured due to shadowing effects resulting from the hnite

projection angle.

INTRODUCTION TO PROJECTED FRINGE PROFILOMETRY
Projected fringe proFrlometry is an optical, non-contact technique for measuring surface topography. In essence a

fringe pattern is projected onto an object and the distorted tringe patærn viewed by a camera from a diffe¡ent

direction. The distortion is related to the height variation of the object. High accuracy can be achieved if the exact

phase of the distorted fringe is known. Using a technique known as phase sæpping inærferometry it is possible to

detcrmine precisely the phase of a fringe from a minimum of three measurements of fringe intensity. Further details

of the æchnique can be found in [] and [2].
Figure I is a schematic diagram of the OSP. A white light projector forms the image of a sinusoidal graúng upon the

surface of rhe object to be measured. A TV camera placed directly above the object views the deformed light

pattern. The grating is shifted, in-plane, to a number of well defined locations under the control of the computer.

FIGURE I.
Schematic diagram of
the Optical Surface Proftler
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At each location a TV image of the irradiance paf.tern is digitized and stored by a frame grabber inside the compurer.A simple algorithm is then used to calculate the phase oî ne ¿erormed sinusoid at every point in the anay. Thecalculated phase is directly related to the object .,r.f"r" heighr by a geome ric factor which varies in a well defînedmanner across the su¡face.
consider figure 2' The reflected light imaged by the camera at any point (x,y) on the object surface, can beexpressed as r' where: r(x,y) = R(x,y).Io(x,y).{ I + A.costz¡rtx + z.tan(Þ)l / \)} e)and: R(x,y) is the surface refleccance at any point, Io(x,x) is the irradiance,

A is the fringe modula ion, z = z(x,y) is the object height,r. is the undistorted fringe period, and P is rlre projection angle from vertical.For a collimated projection system both p and À. are constants. In a divergent system they are functions of x.The
equation representing the light va¡iation has three unknowns, (R.IJ ; A , and z. The solution requires a minimum ofthree simultaneous equations. These are created by shifting the patærn a known amount so that there is a shift in theintensity at the surface' By doing this at least twice, ,u" .un 

"r""t. 
the set of simultaneous equations that we require.This introduced phase shift is the heart of phase stepping interferomefry. Arthough three steps are sufficient for thedetermina[ion of the fringe phase, it can be shown tii trtãt sensirivity to some 

"rrä, "- be subsøntially reduced byusing five steps' In this case fhe corresponding expression rof equa rton (I) at every point, (x,y), in the field is :Ir = R.Io ( I + A cos( g- 2.ô) )
Iz= R.fo( I + A cos( g -ô) ) whereô is the int¡oducedphase step.
I¡=R.Io(1+Acos(g)) andg-2n[x+ z.tan(F)]/\ e)I4-R.Io(l+Acos(9+ô))
Is = R.Io ( I + A cos( g +2.ô) )

The phase can be calculated using the following relation when the phase step õ = rl2 :
tan(e) : 2.(Iz -tù | (2.\- 15 -I1 ) ß)Generally \ is not known accurately before a measurement is performed. The system is calibrated by using a flat

surface (z(x,y) = 0) as a reference object. The phase of such an object is go(x,y) = 2fi.x / \ . From úis Ls can becalculated' Placing ttre object fo be measured in the system results in the object phase map g.(x,y) given by equation(2). The simplest method of deriving the the height distribution is as follows:
calculate object and reference phase: gr(x,y), go(x,y). calcuraæ ttre fringe spacing L, = 2n.x/ go(x,y).
Subtract phase maps g¿ = g, - go Calculate rhe height z = go.\ /{2r.tan(p)}. (4)
The geometric parameters of the system are chosen so that -fi < g¿ < n . This ensures that any ambiguitiesresulting from the modulo 2æ calculation of equatio n (3 ) arcavoided. physically this means that the fringe distortionmust be limited to +l'll2 a fringe from the reference fringe pattern.

SHADOW DETBCTION
shadow regions can be detected just prior to evaluation of equation (3). Two methods are applicable: the firstchecks to ensure all hve light levels, ro, are above a threshold value: the second checks that the fringe modulation,A' is above yet another threshold. In either case if the value is below threshold a shadow is deemed present. Theprocess is repeated for all points within the held.

FIGURE 2. Object surface in
0 o Orientation

FIGURE 3. Object surface in
180 o Orientation
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ts and exact arignment it is possibre to produce a rg0o
t is only necessary to rotate the lg0o image back through
for the shadow restoration process. However, the cost and

n accuracy of better than rf2 pixer. A review of four

technique can also blerate small amounts of roh[ion and
a 60Vo rerluclion in the correlation peak . Also a 30 ro
Allhorloh lhe mrLc q¡p ¡¡¡l,,noÃ r1,^:- r^^^.i^-- - -

THE PRINCIPLE OF SHADOW RESTOR^A.TION
The surface to be profiled is illuminated by a beam at an angle p to ttre vertical. Figure 2 shows a profile of tf¡e
surface in the 0o orientalion. Note the shadow region. The measurement sensitivity is determined by p in equation (4)If any part of ttre surface has a slope angle of less than Þ o the vertical then it wiil cast a shadow in either one of the
two measurement orien[ations ( 0o or 1800). Figure 3 shows a profile of the surface in the 1g0o orientation. Note thatno shadows occur in this particular instance.

urface profile function z = f(x,y) is single valued and
apping shadows in both orientations. Consequently
shadow regions ûo measurements made in the lg0o

in one orientation can have the correct height values
of trre other orientation. It is neccssary.to overray the
tely,to obtain adequate restoration of shadow detail.

TWO DIMENSIONAL IMAGE RBGISTRATION

Although the peaks a¡e reduced, theirlocations are still rerareo [o rmage sh¡tts.

DETECTION OF IMAGE SHIFT, ROTATION AND SCALING
Phase-only correlation alone can only give the x-y shift between two images. However, by breaking the images upinto several regions and finding thè i-y shift fór each region it is posiiute to dJuce rhe rotation and scaring

211



ed in each image. By using three regions
hifts detected. Figure 4 shows a typical
white. Note that this image repesents the

ion containing l2gxl2g poinrs. The g_

while da¡k region are low.
e 5 shows the geometric pa¡ameters

nt fhe calculated shift of each of threeseparate regions from fhe 0o image to the 1800 image. Improved accuracy and reliabitity could be achieved byusing more regions.
Meanshíft i- (ir+i2+13)/3 y= (ir+jz+y)lj
Mean rotation angle (a ) tan(a) = (fu- y\) t2X
Meanscalefactor s = (2X_fl+\)l2X
Rotation inconsistency cr= 2gz _Ír - l¡ Scatinginconsístency cr= 24-11-&
The last two parameters (c.cr) give an indication (in pixels) of the discrepancy in the rotation and scaling factors
respectively. The inter-region separation here is X.

PHASB.ONLY CORRELATION IMAGB RBGISTRATION
the phase-only correlation technique ¡o &x& arrÍlys. Initialy this
image shifrs. The system now uses r2gxl2g regions which a¡e

be menrioned rhat tl¡is t2g to 64 conversion can tiiäi
have been discussed in d
domain which is closely
only correlation are easi
t¡ansforms are straightforwa¡d but unnecesvq¡ for an over
Consider an image region in image I represented by z, = f1(x,y) , and in image 2 represented by z2= f2(xrV).
Figure 6a and 6b show 64x64 image regions corresponding to the leftmost region of figure 4 : f, and f2 .
The following relarion holds: f2(x,y) = f1(x - xo ,y - yJ + n(x,y) 

L ' 
6)where the image discrepancy function n(x,y) includes the effects of noise, aliasing, non-overlapping areas, rotaúonand scaling, and also non-overlapping shadow areas. The Fourier transform is defined as follows:

ût ût

F(u,v) = 
J,fO").exp(-2ri[ux 

+ vy]).dx.dy

The t¡ansform/inverse transform symbol ,(=) iS defined: F(u,v) <=> f(x,y)Hence: F1(u,v) <=> fi(x,y) F2(u,v) .=, f2(*,;t N(u,v) <=> n(x,y)
The well known Fourier shift theorem applied to f2(x,y) gives:

F2(u,v) = Fr(u,v) . exp(_2æi[uxo + vyo]) + N(u,v) (7)It is more convenient to express the above Eansform in term of phase and modulus, hence:F1(u'v) = lFll'exp[i0r(u,v)] F2(u,v) = lF2l.e*pri0rìu,"ll N(u,v)=lNl.exp[iy(u,v)]

(6)
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FIGURE 5.
Geometríc relationship of
the three sampled. regions.
The arrows represent lhe
shifts of regions between
images I and 2. I
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The phase-only function, P(u,v) can now be defined from the the phase difference function S, such that:

Q(u'v) = 0l-0r and P(u,v) = expli0(u,v)1.

It can then be shown that:

Where: lR1 l= lFl l/ lF2 |

P(u,v) = lRr l.exp(-2¡cluxo + yyol) + lRz l.Q (u,v)

lR2l= lN l/lF2l Q = expli(V-€r)l
Figure 6c shows a &x& image of the real part of P(u,v). The periodic structure of cos(2æ[uxo + vyol) is clear.

An inverse transform gives: p(x,y) = r1(x - xo ,y - yo) + r2(x,J) . g(x,y) (10)

Rl <=> rl R2 <=> 12 and r represenfs 2-D convolution.where: Q<=>q
Note rt , and 12 a¡e real even functions. q is a real function without any particular symmetries. Hence p is real.

Typically r1(x - xo ,y - yo) is a very sharp peaked function. Its cent¡oid is locaæd exactly at (xo , yJ.
Figure 6d shows a 2-D magnitude plot of the conventional (phase and modulus) correlation. Noæ the broad peak.
Figure 7 shows a 3-D plot of p(x,y) with corresponding shifts xo=6, yo= 4. The peak has been normalised to 255.

Because of the 128 to 64 conversion the peak appears near location (3,2). Figure 8 shows a 3-D plot of p(x,y) with
corresponding shifts Xo=34, !o=20. Again the peak is normalised and appears this time near (17,10). In both cases

the delta function is clearly visible.
The location of the main maxima of the correlation function p(x,y) is not necessarily a good indictator of the image
shift when sub-pixel acccuracy is required. Similarly the linear least squares fit to the phase function Q(u,v) gives a

biased estimate of the image shift if aliasing is present [8]. However if the cenroid of p(xry) is used as a measure of
the shift then it can be shown that this corresponds to the gradiens of the function Q(urv) a¡zßro frequency. Aliasing
generally disturbs the higher frequencies more than the lower ones, consequently the zero frequency gradiens are
less affected by aliasing.
The centroid fx,i) is deFrned by:

(8)

(e)

ï =l þ.0,*,r,.*.or 
,l 

JnG*).ax.oy
And simila¡ly for j
Using the Fourier derivative theorem[ 17 ]: Ï = I .È(Q,Q. 1

(1r )

(12)

But P(0,0)= t hence: 
H*=ìïu0)

(-2ni) òu P(0,0)

fherefore f = I . boro.ol. (r3)

C2æi) ò"
A simila¡ relation can be derived for l. Generally , in fhe discrete frequency domain of a discreæ image the gradient
is undefined at each pixel and a finite difference method must be used to estimate the gradient. However, in the the
real space domain the corresponding centroid can be readily evaluaæd. Errors in ttre measured shift are relaæd ¡o tl¡e
centroid of the term r2(x,V) r {(xry) and its integrated magniarde. Several methods are available ûo reduce its effect.

One of the most effective is to repeat the correlation cycle. On the first cycle discrepancies due to non-overlap may
be significant, but the shift can still be estimated to better than one pixel. On the second cycle the non-overlapping
areas are removed and the correlation used to obøin subpixel resolutions. A disadvantage is that several Fast Fourier
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Transforms (FFTs) and inverse FFTs must be performed for each cycle. Another possible method is to use a window(or taper) function on Íhe image regions to ¡educe the contribution of ouær iegions where non-overlâp occurs.
Finally, applying a low pass filter to P(u,v) before inverse transforming has been iound empirically to imirove the
accuracy. This is in fact equivalent to convolving p(x,y) with a conesponding kernel. The aãtual implementation of
this technique in the OSP uses only one cycle without tapering. Returning to Fig*"r 7 and 8 the calculated centroid
values are as follows:

FigureT Ì.=5.96 j=3.92 FigureS l=33.g5 y=20.01
In this instance the errors a¡e all less than 0.16 pixels. Some fesfs have been cårried oui using manually shifted coin
tooling, and the computed shifs compared ûo the x-y micrometer readings. Generally the accuracy is better than 0.3
pixels over lhe range a20 pixels. Some ca¡e has been øken in the positioning of the rhree sample regions (see figure
4) so that the samples do not contain large step or edge features ofæn found at the outer rim of coin dies. These
features, when present in one image region but not in the other, often give rise ûo spurious correlation peaks and must
be avoided.

STJMMARY OF SHADOW RESTORATION PROCESS

A Calculaæ height function for 0o image: Call this g1(x,v). Identfy shadow regions.

B Calculate height function for 18@ image. Call this g2!,l).Identfy shadow regions.

c Rotate second image through 180p. call trris g'2(x,y) = g2(-x,-y).

D Determine x-y shift, rotation, and scaling relation of g1 and g'2 .

E Shift, rotaæ, and scale g'2and accordingly. This results in g"2(x,y).

E Replace all shadowed daø in g1(x,v) with unshadowed data from g"2(x,y).
Pa¡t D of this process consists of the following steps:

I Select suitable windows of both images. Call these samples f1(x,y) and f2(x,v).
2 Calculate FFT of each: F1(u,v) and F2(u,v).

3 Calculate phases of F1 and F2 Call these 01 and 02.

4. Subtractphases:

5 Form phase only function:
0 = 0z'0r.
P = exp(i0 ).

I Calculate inverse FFT of P(u,v) <=> p(x,y).
7 Convolve p with suitable kernel (or multiply P by conesponding filter before IFFT).
E Locate peak position, as dehned by centroid of p.
9 Repeat process I to 8 for several predetermined image regions.

CONCLUSION
Softwa¡e has been developed to restore shadow details in three dimensional measurements. The phase-only
correlation technique gives an accuracy of better than 0.3 pixel over a range of +l-20 pixels for typicat height
distributions of coin dies. The method presented can check the consistency of the measurements and is found to be
robust in the presence of missing and spurious pixel values. The correspondence of the real space centroid with ttre
frequency space gradients has been demonsüated.

FIGARE 8.

p(x,y)

Phase correlation
r=34 !=20

FIGURE 7.

p(x,y)

Phase correlation
x=6 !=4
plotted as (3,2)plotted as (17,10)
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