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In phase-shifting interferometry spatial nonuniformity of the phase shift gives a significant error in the evalu-
ated phase when the phase shift is nonlinear. However, current error-compensating algorithms can counter-
act the spatial nonuniformity only in linear miscalibrations of the phase shift. We describe an error-
expansion method to construct phase-shifting algorithms that can compensate for nonlinear and spatially
nonuniform phase shifts. The condition for eliminating the effect of nonlinear and spatially nonuniform
phase shifts is given as a set of linear equations of the sampling amplitudes. As examples, three new algo-
rithms (six-sample, eight-sample, and nine-sample algorithms) are given to show the method of compensation
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for a quadratic and spatially nonuniform phase shift. © 1997 Optical Society of America
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1. INTRODUCTION

In phase-shifting interferometry! the phase difference be-
tween an object beam and a reference beam is varied by
phase shifting, and the signal irradiance is sampled at
equal intervals of the phase difference. The phase distri-
bution of a fringe pattern can be calculated by phase-
shifting algorithms.

Systematic phase-shift errors, as well as the nonsinu-
soidal waveform of the signal, are the most common
sources of systematic errors in the evaluated phase.?
Systematic phase-shift errors are caused by linear mis-
calibration, nonlinear sensitivity, or spatial nonunifor-
mity of the phase shifter. For some phase shifters, such
as a liquid-crystal modulator, the phase shift is not only
nonlinear but also spatially nonuniform. Distortion in a
lead zirconium titanate crystal (which is widely used in
phase-shift devices) also gives a nonlinear and spatially
nonuniform phase modulation. The spatial nonunifor-
mity of the phase shift is also an important problem in ap-
plying phase-shifting techniques to a scanning white-
light interferometer,’ since the variation of fringe
visibility along the optical path is mathematically equiva-
lent to the variation of phase-shift errors (depending on
the position).

Many studies have been reported on error-
compensating algorithms*~!3 that can eliminate the effect
of systematic phase-shift errors. Table 1 lists the phase-
shifting algorithms and their immunity to linear miscali-
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bration, nonlinear sensitivity, and spatial nonuniformity
of the phase shift. Parameter p represents the maxi-
mum order of nonlinearity of the phase shift, and param-
eter j represents the maximum order of the harmonic sig-
nals that the algorithm can compensate for.

In Table 1 the algorithms can be classified into three
groups by their ability to compensate for phase-shift er-
rors. Group I, discrete Fourier algorithms (or the syn-
chronous detection algorithms!), can compensate for the
effect of harmonic signals only and have no immunity to
phase-shift errors. Group II, error-compensating algo-
rithms, compensate for linear miscalibration (p = 1) or
nonlinear sensitivity (p > 1) of the phase shift as well as
other errors. Group III, error-compensating algorithms,
compensate for not only phase-shift errors but also errors
caused by a coupling between the phase-shift errors and
the harmonic components of the signal.

For linear phase-shift miscalibrations (p = 1), the spa-
tial nonuniformity of the phase shift is not a significant
problem, since error-compensating algorithms can easily
acquire an immunity to the spatial nonuniformity. Sub-
section 2.C explains that an error-compensating algo-
rithm for linear phase-shift miscalibrations becomes in-
sensitive to the spatial nonuniformity if the algorithm has
symmetric and antisymmetric sampling amplitudes in
the denominator and the numerator of the arctangential
variable. Many algorithms for linear phase-shift miscali-
brations have these symmetries in their sampling ampli-
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tudes and thus are immune to the spatial nonuniformity
of the phase shift (see Table 1 for p = 1).

A higher-order immunity to linear miscalibrations of
the phase shift was also investigated by several
authors, %13 and several algorithms were obtained!®!!
that give the residual phase errors of the orders o(¢,%) and
o(e), where ¢ is the error coefficient of the phase shift.
The stability of these algorithms against low-frequency
mechanical vibrations of the interferometer was pointed
out and verified experimentally.!*

For nonlinear phase shift, however, there have not
been any algorithms reported that can compensate for the
spatial nonuniformity of the phase shift. The error-
compensating algorithms'%! with higher-order immunity
to linear miscalibration can compensate for the nonlinear
phase shift (see Table 1). However, they are not insensi-
tive to the effect of spatial nonuniformity.

For example, de Groot calculated the residual phase er-
ror A¢ of his seven-frame algorithm,'!

T(Iy —I4) — Iy — Is)

—4(I, + I,) + 8I; | 1)

¢ = arctan

Table 1. Phase-Shifting Algorithms and Their
Immunity to Phase-Shift Errors

Immunity to the Spatial Uniformity
of the Phase Shift®

Immunity to Spatially Spatially
Group Phase-Shift Errors Uniform Nonuniform
I None Bruning!
11 Linear Carre (4)*
miscalibration
(p=1) Schwider (5)°
Hariharan (5)8
Schwider® (4)7
Larkin (j + 3)8
Surrel (j + 3)°
Quadratic Schmit (5, 6)1° Present work (6, 8)
nonlinearity
(p=2) de Groot (7)1
Present work
(G+4)
II1 Linear Hibino (7, 11)!2
miscalibration
(p=1) Surrel® (6, 10),"
Surrel (2j + 3)13
Quadratic Present work (9)
nonlinearity
(p=2)

“Each algorithm has its reference number as a superscript. The num-
ber listed in the parentheses after each (first) author’s name represents
the number of samples of the algorithm.

®The symmetry in the sampling amplitudes is not apparent, since the
amplitudes take different notations for offset bias in the phase-shift
values.
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for quadratic phase shifts
T €9
ar=§(r—3) 1+ e + 5(1‘—3)

for r=0,...,6, (2)

which results in

774614

256

TEY 772622 .
Ap = —— —(—sin(2¢) +

5 61 sin(2¢) + ... .

3

The residual error contains a dc component mey/2 that is
linear with error coefficient €,. For a spatially nonuni-
form phase shift, coefficient €5 is no longer uniform across
the observed aperture and causes a significant phase er-
ror. This type of dc component in the residual error is
common in the algorithms!®!! that have higher-order im-
munity to the linear miscalibration.

Systematic approaches for deriving error-compensating
algorithms have been proposed by several authors based
on the averaging method of successive samples,>”1%1% a
Fourier description of the sampling functions,®!11%16 and
an analytical expansion of the phase error.'> However,
none of these approaches has been developed so that it
can provide immunity to the spatial nonuniformity of the
nonlinear phase shift.

In this paper we develop the analytical expansion
method!? so that it can obtain an immunity to a nonlinear
and spatially nonuniform phase shift, i.e., a most general
type of systematic phase-shift error. The residual phase
errors are expanded into a Taylor series of both nonlinear
coefficients of the phase shift and harmonic amplitudes of
the signal. The conditions for eliminating both effects
will be given as a set of linear equations for the sampling
amplitudes of an algorithm.

We demonstrate that in order to acquire an immunity
to a spatially nonuniform phase shift, the sampling am-
plitudes of an error-compensating algorithm need to sat-
isfy additional p/2 linear equations when order p is even.
Correction of the number of samples in our previous
work!? is also necessary, which will be discussed in Sub-
section 2.F.

As examples, new six-sample (group II with p = 2 and
J = 1), new eight-sample (group II with p = 2 and j
= 2), and new nine-sample (group III with p = 2 and
= 2) algorithms are derived that compensate for a qua-
dratic and spatially nonuniform phase shift.

In our previous work'? on the analytical expansion
method, the derivation is limited to group III algorithms
only, which compensate for a linear miscalibration of the
phase shift and harmonic components of the signal.
With the present extended formulation, all types of algo-
rithm classified in Table 1, except for Carre’s strict
solution,* can be derived. For example, a generic (j
+ 4)-sample algorithm of group II is derived by which
the effects of a quadratic phase-shift error and harmonic
components of the signal up to the jth order are
eliminated.

Another advantage of the present analytical approach
is that since all the conditions for suppressing systematic
errors are represented by a set of linear equations for the
sampling amplitudes, the algorithm designs for balancing
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random and systematic phase errors can easily be
formulated.!” The variance of random phase errors
caused by random uncorrelated irradiance noise is pro-
portional to the total square of the sampling amplitudes
of an algorithm.!”'® Therefore one strategy for algo-
rithm design can be reduced to a problem of minimizing
the total square of the sampling amplitudes for a given
number of samples and under the constraint of a set of
linear equations to suppress systematic errors.

2. DERIVATION OF PHASE-SHIFTING
ALGORITHMS

A. Phase Error Expansions

Consider the irradiance I(x, y, a) at a designated point
(x, ¥) with a nonsinusoidal periodic waveform as a func-
tion of a phase-shift parameter a:

J
I(x, y, @) = so(x, y) + kZl sp(x, y)

X cos[ka — ¢i(x, v)], (4)

where s, and ¢, are the amplitude and the phase of the
kth harmonic component of the signal, j is the maximum
order of the harmonic components, and ¢; is the object
phase (at the fundamental frequency) to be measured.
To simplify the mathematical notation, we will confine
our analysis to a single point, although it is equally appli-
cable to all other points of interest. Therefore the (x, y)
dependence of I, s, and ¢, will not be highlighted.

Consider an m-sample phase-shifting algorithm, where
the reference phases are separated by m — 1 equal
intervals of 2#/n rad, where n is an integer. A gen-
eral expression for the calculated phase in m-sample
algorithms is

> b,

¢ = arctan r,,;l— , (5)
> al,
r=1

where a, and b, are the rth sampling amplitudes and I,
= I(«a,) is the rth sampled irradiance.

When the phase shift is nonlinear, each phase-shift
value «, is a function of the phase-shift parameter. The
phase-shift value for the rth sample can be given by a
polynomial of the unperturbed phase-shift value «, as

a, = aOr[l + 6(6!0,)]

= Qo

2
agpp Qor
1+ e + € + € + ...
he ol

for r=1,2,...,m, (6)

where p (p < m — 1) is the maximum order of the non-
linearity, €, (1 < q < p) are the error coefficients, which
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can be spatially nonuniform, and «y, = 2#[r — (m
+ 1)/2]/n is the unperturbed phase shift. An offset
value (m + 1)/2 for the reference phase is introduced for
convenience of notation and gives only a spatially uniform
constant bias to the calculated phase.

In the following we assume that nonlinear coefficients
g (for ¢ = 1, ..., p) and amplitude ratios s,/s; (for k
= 2, ..., j) are smaller than unity.

The error A¢ in the calculated phase is a function of
amplitudes s, /s, phases ¢, (for £ = 1,2, ..., j), and er-
ror coefficients ¢, (for ¢ = 1,2, ..., p) and can be ex-
panded into a Taylor series by

Ap=¢ — ¢
= o(sy) + o(€,) + o(€;5;) + o(s?) + o(€?), (7

where o(€;s},), 0(s?), and o(e?2) denote the terms involv-
ing €;5;/s1, spsp/s1?, and €€ for k, h = 2, ..., j, and
g,t=1,..., p. Since the numerator and the denomina-
tor of the algorithm of Eq. (5) are linear with amplitudes
sy, , the numerator and the denominator do not contain er-
rors o(s?) after the error o(s;) is compensated. There-
fore, when the error o(s,) is compensated by an algo-
rithm, the errors o(s?) in A¢ disappear. In the following
we discuss the suppression of errors o(s;), o(e,), and
o(e,s;,) and neglect the higher-order errors o(e?).

Suppressing the harmonic components of the signal
has already been discussed by many
authors.1b2568-13.1516,19  Yyhen the algorithm is insensi-
tive to harmonic components of the signal up to the jth
order (j = 1), the sampling amplitudes {a,} and {b,} sat-
isfy the following 4j + 2 equations®!%16:

M =

a, sin(kagy,) = 0 for k=1, ..., J, (8)

<
Il
—

M s

a, cos(kagy,) = 6(k, 1) for k=0,1,...,7,

‘
Il
—

M s

b, sin(kagy,) = 5k, 1) for k&

Il
-

o d o (10)

<
(S

E b, cos(kag,) = 0 for k=0,1,...,j, (11)
r=1

where 5(k, 1) is the Kronecker delta function.

Now we calculate the residual phase errors and expand
them into a series of error coefficients of the phase shift
and the amplitudes of the harmonic signals. Substitut-
ing Eqgs. (4) and (6) into Eq. (5) and expanding both the
denominator and the numerator into powers of errors ¢,
and using the relations of Egs. (8)—(11), we can calculate
the phase as
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[ m j p o -1
or
Eb,[so+zsk cos(kaO, 1+E e( ) }—(f)k)]
r=1 g=1
¢ = arctan|— —
p o, g-1
Earso+zskcoska0r +26 — ¢
Lr=1 =1 q=1 v
r moj p q
Sk @
sin ¢, — E E 2 _qu( r) b, sin(kay, — ¢y)
r=1k=1g=1 S1 ™
= arctan —
i, @, \?
cos ¢ — wz 2 — ke, a, sin(kag, — ¢p)
L r=1 k=1 g=1 S1 m
r p P J 55
sin ¢y — D, €By(d1) = 2 X € — Digl(dn)
q=1 g=1 k=2 S1
= arctan -
p pJ 5
cos b1 — X, eAq(d1) = 2 X e — Cigl )
L g=1 qg=1 k=2 S1
p r J
Ay (h1)  By(d1) Sp | Cro(dr) Dy o(bp)
= arctan( 1+ € AR i i > € — ! . tan ¢,
g=1 cos ¢ sin ¢ q=1 k=2 s1| cos ¢ sin ¢
1” Ay(¢1)  By(d) 10 & si[Cugldr)  Dig(d)
- S e | T - T sin20) < = D D e — | - TR N Gin2¢y),  (12)
2 01 cos ¢ sin ¢4 271 k=2 s1| cos ¢q sin ¢,
where When we replace the sampling amplitudes a, and b, by
ay,+1-, and —b,, . 1_,, respectively, in Eqgs. (8)—(11), the
n g \? new equations are still satisfied, since the rth phase shift
Ag(y) =7 ;Zl ar|—| sin(ao, = ¢1), (13) satisfies ag, = —aq +1-, from its definition and gives the
relations as cos(kay,) = cos(kag,,+1—,) and sin(kay,)
m q = —sin(kay,+1-,). Therefore, if a set of sampling am-
By(¢y) =7 2 br(ﬂ) sin(ag, — ¢1), (14) plitudes {a,} and {b,} are the solutions for Egs. (8)—(11),
r=1 ™ another set of sampling amplitudes {a,,.;_,} and
{—b,,+1_r} are also the solutions for them. This result is
- ap\? . also true for Egs. (19)—(21) and (24)—(27), which will be
Croldr) = 7k ;1 ar\ = sin(kay, = ), derived in following subsections.
(15) Since all the conditions necessary for eliminating the
systematic errors are given by a set of linear equations for
m @\ the sampling amplitudes, the solutions for the equations
D, () = 7k 2 b,( r) sin(kag, — Pp), (16) generally become unique when the number of sampling
r=l . amplitudes is minimum. Then, when the algorithm is
constructed with the fewest number of samples, the two
and an approximation, arctan[(1 + &) tan ¢,] = b, solutions of amplitudes {a,} and {b,} and amplitudes

+ (8/2) sin (2¢), for || < 1 is used.

In Eq. (12) the errors o(s;) are eliminated by using the
conditions of Eqgs. (8)—(11), and the specific forms of the
residual errors o(€,) and o(e,s;) are obtained as the sec-
ond and third terms of the right-hand side of the
equation.

B. Symmetries of the Sampling Amplitudes of the
Algorithm

An important result can be derived from Eqgs. (8)—(11) in-
dicating that, in order to construct an algorithm with the
fewest number of samples, the sampling amplitudes need
to have symmetries: «, = a,,,1-,and b, = —b,,,;_, for
r=12 ..., m. We verify this conclusion here.

{am+1-rt and {=b,, .1 _,} need to be identical, since the so-
lutions are unique.

Therefore the symmetry of the sampling amplitudes,
a,=api1-,and b, = —b,,,1_,, is a necessary condition
to construct algorithms with the fewest number of
samples. Note that this conclusion is derived under the
assumption that the phase shift has an appropriate offset
so that it satisfies ap, = —a@gm+1--
C. Compensation for Spatially Nonuniform Phase Shift
in Group II
Group II algorithms compensate for errors o(e,) and
o(sg). In order to eliminate phase error o(e,) (for ¢
= 1, ..., p) caused by the pth-order nonlinearity of the
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phase shift, the corresponding second term on the right-
hand side of Eq. (12) needs to be constant or zero for ar-
bitrary values of error coefficients ¢, and phase ¢;. For
spatially nonuniform phase shifts, this term needs to be
zero, since error coefficients €, are not uniform but are a
function of the position. Eliminating this term requires

that
Afd) Byl

cos ¢, sin ¢,

sin(2¢¢) = 0 for g = 1,2, ..., p.

am
Substituting expressions (13) and (14) for A, and B,
into Eq. (17) and expanding the trigonometric function

into powers of cos ¢; and sin ¢;, we can rewrite Eq. (17)
as

m

21 apl(a, sin @y, + b, cos ap,)sin(2¢d,)
=

m

+ 2 ap2(a, cos ap, — b, sin ay,)cos(2¢,)
r=1

m

+ 2 ap2(a, cos ap, + b, sin ay,) = 0. (18)
r=1

Equation (18) shows that the necessary and sufficient
conditions to satisfy condition (17) are the following 3p
equations:

2 apd(a, cos agp, + b, sin ay,) = 0

r=

for ¢ = 1,2, ..., p, (19)

m
2 a()rq(ar COS ag, — br sin aOr) =0
r=

—

for ¢ = 1,2, ..., p, (20)

m
21 apd(a, sin g, + b, cos ay,) = 0
=

for g = 1,2, .., p. (21

Equations (8)—(11), together with Eqgs. (19)—(21), are
the necessary and sufficient conditions for the algorithms
to compensate for the effects of a nonlinear and spatially
nonuniform phase shift of the pth order and harmonic
components of the signal up to the jth order.

In contrast, when the phase shift is spatially uniform
and the system is not concerned with a fixed dc compo-
nent, consisting of coefficients ¢, in the measured phase,
it is sufficient to require that

Afd)  By(d)]

e sin ¢y sin(2¢;) = const.

for ¢ = 1,2, ..., p (22)

for arbitrary phase ¢;.

In a similar discussion to that for Eq. (17), the neces-
sary and sufficient conditions to satisfy condition (22) lead
to the same equations as Egs. (20) and (21). Therefore
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Eq. (19), consisting of p linear equations, is related to the
immunity to nonuniform phase shifts.

We shall now show that the error-compensating algo-
rithms for linear miscalibrations of the phase shift can ac-
quire an immunity to a spatially nonuniform phase shift
without increasing the number of samples. As men-
tioned in Subsection 2.B, under the symmetric phase shift
Qgr = — Qg +14> constructing an algorithm with a mini-
mum number of samples requires that the sampling am-
plitudes have the symmetries a, = a¢,,,;_, and b,
= —b,,+1-,. If an error-compensating algorithm has
these symmetries, Eq. (19) for p = 1 (or for odd order q)
are satisfied automatically, since we note that
a7 cos ap, = 7ao,m+1—rq COS o m +1—r and a7 sin ag,
= gm+1-,7 SIN g 41—, for odd order g. The algorithm
also satisfies Egs. (20) and (21), since we have assumed
that the algorithm is insensitive to linear miscalibrations.

Therefore we concluded that group II algorithms for
linear phase-shift miscalibrations become insensitive to
the spatial nonuniformity of the phase shift if the sam-
pling amplitudes have the symmetries ¢, = a,,,;_, and
b, = _bm +1-r-

For a nonlinear phase shift (p = 2), however, it is clear
that these symmetries are not sufficient conditions to sat-
isfy Eq. (19) for even order p. In Subsection 3.A we will
derive a new algorithm that satisfies these equations for a
quadratic phase shift (p = 2).

D. Compensation for Spatially Nonuniform Phase Shift
in Group III
Group IIT algorithms compensate for errors o(egs;)
caused by the coupling between the phase-shift errors and
the harmonic signals, as well as other errors o(s;) and
o(e;). Here we consider the elimination of the errors
o(e,5;,) when the phase shift is not spatially uniform.
The specific form of the errors o(e€,s;) has already been
derived, as in the third term on the right-hand side of Eq.
(12). With a discussion similar to that in Subsection 2.C,
eliminating the third term requires that

Crg(dr)  Dyg(dr)
cos ¢ sin ¢,
for k=2,...,j and ¢ =1, .., p (23)
for arbitrary values of phases ¢, .

Substituting expressions (15) and (16) for C;, , and Dy, ,
into Eq. (23) and expanding the trigonometric function
into powers of cos ¢, and sin ¢, , the necessary and suffi-
cient conditions to satisfy condition (23) are the following
4p(j — 1) equations:

sin(2¢;) = 0

> agfa, sin(kag,) = 0, (24)
r=1
E aola, cos(kay,) = 0, (25)
r=1
> ay9b, sin(kag,) = 0, (26)
r=1
2 ao,2b, cos(kagy,) = 0, 27

‘
Il
—

for k=2,...,j and ¢ = 1,2, ..., p.
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Equations (8)—(11), (19)—(21), and (24)—(27) are the
conditions for group III algorithms to eliminate phase er-
rors o(s;), o(€,), and o(e,s;) caused by the spatially non-
uniform phase shift of the pth order and harmonic signals
up to the jth order.

In contrast, for a spatially uniform phase shift, the con-
dition of Eq. (23) can be replaced by

Cra(@r)  Dyo(bp)

cos ¢, sin ¢,

sin(2¢,) = const.

for k=2,...,j and ¢ =1, ..., p (28

for arbitrary values of phases ¢,. However, the result-
ing conditions for satisfying Eq. (28) reduce to the same
equations as Eqs. (24)—(27). Therefore, for the elimina-
tion of the additional error o(€,s;), we do not need any ad-
ditional conditions, even when the phase shift becomes
spatially nonuniform.

As for the suppression of linear and nonuniform phase-
shift miscalibrations, the same discussion as that for
group II in Subsection 2.C can be applied to group III al-
gorithms. If a group III algorithm for linear phase-shift
miscalibrations has the symmetries ¢, = a,,,;_, and b,
= —b,,+1-, in their sampling amplitudes, it always sat-
isfies Eq. (19) and thus becomes insensitive to the nonuni-
formity of the phase shift.

As a brief summary of Subsections 2.C and 2.D, Table 2
shows the necessary equations for deriving group II and
group III algorithms with different immunities to the
nonlinearity and the spatial uniformity of the phase shift.
The present analytical method, with the linear equations,
can derive all the classes of error-compensating algo-
rithms with immunities, as shown in Table 1.

E. Number of Samples Necessary for Constructing
Group II Algorithms

Here we discuss the number of samples necessary for con-
structing the algorithms of group II for a spatially non-
uniform phase shift. In our present analytical expres-

Table 2. Number of Independent Equations
Necessary for Constructing the Algorithms When
the Sampling Amplitudes Have Symmetries®

Immunity to

Spatially Uniform No. of Equations for
and Nonuniform Independent Sampling
Group Phase-Shift Errors Equations Amplitudes
I None Jjt+2 (8)—(11)
II Uniform j+p+2 (8)—(11), (20)
and (21)
Nonuniform j+ [3p/2] + 2 (8)—(11)
and (19)—(21)
III Uniform (p+1) +2 (8)—(11),
(20), (21)
and (24)—(27)
Nonuniform (p+ 1)+ [p/2] +2 (8)—(11),
(19)—-(21),

and (24)—(27)

“For j > 1 the phase-shift interval is assumed to be equal to 2/(j
+ 2) rad.
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sion, the number of samples is obtained by estimating the
number of independent equations among linear equations
(8)—(11) and (19)—(21).

Equations (8)—(11) are common conditions for group I,
discrete Fourier algorithms. For discrete Fourier algo-
rithms, the number of samples necessary to eliminate the
harmonic signals up to the jth order has already been in-
vestigated by several authors.!®131° These results show
that for a sinusoidal signal (j = 1) the minimum number
of samples is 3 for any phase-shift interval and that for
J = 2 the minimum number of samples depends on the
phase-shift interval and is equal to its minimum of j
+2 when the interval equals 27/(j + 2) rad. In our
present expression, these results are equivalent to those
that state that j + 2 samples are at least necessary to
satisfy Eqs. (8)—(11), which was shown in our previous
work.'2 The number of samples for a smaller phase-shift
interval than 27(j + 2) rad has also been thoroughly in-
vestigated, using characteristic polynomials, by Surrel.'?

It was shown in Subsection 2.B that in order to mini-
mize the number of samples, the sampling amplitudes
need to satisfy the symmetric relations a, = a,,,;_, and
b,= —b,1_,forr =12, ..., m, where m is the number
of samples. Note that this conclusion is valid when the
phase shift is defined to satisfy ap, = —a@g,;,+1—,. Inthe
remainder of this subsection we assume these symmetries
for the sampling amplitudes:

{ar} = (a17 ag, ..., Qg, a1)7

{br} = (blﬂ bZ’ ey _b27 _bl)- (29)

The number of independent amplitudes among a, and b,
is, from Egs. (29), equal to the total number of samples m.

For odd nonlinear order g, Eqs. (19) and (20) become
trivial equations if we consider Eqs. (29) and note that
a7 cos ap, = _ao,erlfrq COS &pm+1-r and  «a,7sin ay,
= agm+1—7 SN @y i1-,. For even order g, Eq. (21) is
reduced to a trivial equation because of the similar sym-
metries. Therefore the number of independent equations
among the 3p equations (19)—(21) is [3p/2], where [x] is
the truncation function defined by

for x = integer n or x = n + 1/2.
(30)

[x]=n

Since the number of independent equations among Egs.
(8)—(11) is at least j + 2, the total number of independent
equations for group II is not less than j + [3p/2] + 2.
Except for a few cases shown below in this subsection, the
number of samples necessary for constructing the group
II algorithm is equal to the number of independent equa-
tions. That is,

m=j+ [3p/2] + 2, (31)

where the equality holds for sinusoidal signals (j = 1)
and for nonsinusoidal signals (j = 2) with a phase-shift
interval of 27/(j + 2) rad.

For nonsinusoidal signals with smaller phase-shift in-
tervals, the necessary number of samples increases, since
the number of independent equations among Egs. (8)—
(11) generally becomes larger than j + 2 with the smaller
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intervals. In contrast, for sinusoidal signals (j = 1), the
necessary number of samples is 3 + [3p/2] for any phase-
shift interval.

Note that, for a spatially nonuniform phase shift, the
number of independent equations is not always equal to
the minimum number of samples, since there is an excep-
tion in which the equations do not have nontrivial solu-
tions with the minimum number of samples. In this case
the number of samples necessary for constructing the al-
gorithm is larger than the number of independent equa-
tions. We will see an example for this case in Subsection
3.B. The authors have not yet found any similar excep-
tion for a spatially uniform phase shift.

Also note that there is an unexpected reduction of the
number of samples in the case in which Egs. (8)-(11) and
(19)—(21) give zero values for the pair of amplitudes «a;
and b; with one of the number i(1 <i <m). In this
case the necessary number of samples is less than the
number of independent equations. In Subsection 3.D we
will see an example of this case.

F. Number of Samples Necessary for Constructing
Group III Algorithms

Here we discuss the number of samples necessary for con-
structing group III algorithms for a nonuniform phase
shift. Also, we point out a correction in our previous
paper'? on the group III algorithms.

For group IIT algorithms with immunity to a nonuni-
form phase shift, the sampling amplitudes must satisfy
Egs. (8)—(11), (19)—(21), and (24)—(27). With the same
discussion as that for group II in Subsection 2.E, the
number of independent equations among Egs. (8)—(11)
and (19)—(21) is not less than j + [3p/2] + 2.

As for the new equations (24)—(27), the following two
properties can be derived if we note the symmetries of the
sampling amplitudes and the asymmetry of the phase-
shift values:

al. For odd order ¢, Eqgs. (25) and (26) reduce to
trivial equations.

a2. For even order ¢, Eqs. (24) and (27) reduce to
trivial equations.

Moreover, if we note the two identities for arbitrary in-
teger £ and the phase-shift interval of 2#/(j + 2) rad,

sin(j + 2 — k)ag, = (=1)" sin(kay,), (32)
cos(j + 2 — k)ag, = (—1)™"! cos(kay,), (33)

where m is the number of samples and «,
= [2#/(j + 2))/[r — (m + 1)/2], we can show the fol-
lowing properties:

bl. Eqgs. (24)—(27) for £ = 2 are identical to those for

k=j.
b2. Egs. (24)—(27) for £ = 3 are identical to those for
k=j—1.

b3. Egs. (24)—(27) for £ = 4 are identical to those for
k=j— 2.

Etc.

cl. For even j and even m, Eqgs. (25) and (27) for &
= j/2 + 1 disappear, since cos(j/2 + 1)ag, = 0.
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c2. For even j and odd m, Eqs. (24) and (26) for &
= j/2 + 1 disappear, since sin(j/2 + 1)ay, = 0.

From these results we now count the number of inde-
pendent equations among Eqs. (24)—(27). First, we con-
sider these equations for a single value of parameter q.

For odd ¢ the nontrivial equations are Eqs. (25) and
(26) from result al. From results bl1-bn these 2(j — 1)
equations reduce to 2[ j/2] equations. Moreover, from re-
sults c1 and c2, one equation among the 2[ j/2] equations
disappears when order j is even. Therefore, for odd ¢, j
— 1 equations among Egs. (24)—(27) are nontrivial.

For even ¢ the nontrivial equations are Eqgs. (24) and
(27) from result a2. With the use of results b1-bn, these
2(j — 1) equations reduce to 2[ j/2] equations. From re-
sults c1 and c2, one equation among the 2[ j/2] equations
disappears for even j. Therefore, for even q,j — 1 equa-
tions among Egs. (24)—(27) are nontrivial.

Finally, we sum up the number of nontrivial equations
over parameter g (¢ = 1,2, ..., p), which results in p(j
— 1) nontrivial equations. Therefore the number of in-
dependent equations among Egs. (24)—(27) is equal to
p(j — 1) when the phase-shift interval is 2#/(j + 2) rad.

The total number of samples necessary for constructing
group III algorithms for a nonuniform phase shift is then
calculated to give

m=j+[3p2]+2+p(j—1)
=(p+ 1)+ [p/2] +2, (34)

where the phase-shift interval is 27/(j + 2) rad.

Table 2 summarizes the number of independent equa-
tions for constructing group II and group III algorithms.
For linear phase-shift miscalibrations (p = 1), the neces-
sary numbers of samples are j + 3 for group II and 2j
+ 2 for group III, regardless of whether the phase shift is
uniform or not. These results are consistent with the re-
sults of Larkin and Oreb® and Surrel® for group II (p
= 1) and with the result of Surrel'® for group III.

For a quadratic and nonuniform phase shift (p = 2),
the necessary numbers of samples are j + 5 for group II
and 3j + 3 for group III.

Note that there is also an exception for group III, simi-
lar to that mentioned in Subsection 2.E, in which the
number of samples is not equal to the number of indepen-
dent equations.

In our previous paper'? on group III algorithms, we
used a different definition for the offset value of the phase

shift:
2w m
— (r - —) for even m

_ n 2
@r =\ o m+ 1 - (35
—|r - for odd m
n 2

Since the phase-shift values for an even number of
samples m were not symmetric (ag; # —ag,,), the result-
ant sampling amplitudes did not have the symmetries
necessary for minimizing the number of samples (see
Subsection 2.B). Therefore the number of samples for
group III (p = 1) in our previous paper was not mini-
mized and was equal to 2j + 3. The number of samples
for group III with p = 1 is 2j + 2 from Table 2.
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3. EXAMPLES OF PHASE-SHIFTING
ALGORITHMS

A. Compensation of Quadratic and Spatially
Nonuniform Phase Shift (Group II with p = 2 and
j=1)

Here we will derive a specific form of a new algorithm
that compensates for a quadratic and spatially nonuni-
form phase shift (p = 2) when the signal is sinusoidal
(J=1.

In Table 2 six samples are necessary to construct the
group II algorithms withp = 2 andj = 1. Since the sig-
nal is sinusoidal, the number of samples is 6 for any
phase-shift interval. Here we assume that the phase-
shift interval is 7/3 rad.

From the result of Subsection 2.B, we can assume the
following symmetric and asymmetric sampling ampli-
tudes:

{ar} = (a17 asg, ag, a3, ag, al):
16,} = (bq, by, b3, —bs, —by, —b), (36)

where the phase shift is defined by «(, = 7(r — 7/2)/3.
Substituting Eqgs. (36) into Egs. (8)—(11) and (19)—(21),
we obtain six equations for the sampling amplitudes:
a1+a2+a3=0, _a1+a3=1/\/§,
bl + 2b2 + b3 = _1,

25a1 — as + 25b1 + 18b2 + b3 = 0,

250, — a3 — 25b; — 18by — by = 0,
5a; + 6ay + asz + 53b; — 3by = 0. (37
The solutions for Eqgs. (37) are given by
{a,} = (/3/72, —13/3/36, 25 /3/72,
25.\/3/72, —13/3/36, \/3/72),
{b,} = (5/24, —1/4, —17/24, 17/24, 1/4, —5/24). 8

The resultant algorithm is

¢ = arctan

V3(5I; — 61, — 1715 + 17, + 615 — 516)}
I, — 261, + 2515 + 251, — 261, + I4
(39)
When the phase shift is quadratic and given by

T 7
o, = g r — §
the residual phase errors given by this algorithm can be
calculated to give

Ap=¢ — ¢

1975

- 2 o2
= ~Toz41g (7<)’ sin(241)

€9 7
1+61+ g(rg)}, (40)

56
——— cos(2¢;) + €.

26 €
%2 8643

65 4ol
86443 0
(41)
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From Eq. (41) it can be observed that the algorithm elimi-
nates the dc error components linear with €; or €.

We now numerically estimate the residual error for the
new algorithm. Table 3 shows the peak-to-valley phase
errors of the new algorithm, including the dc error com-
ponents, for several values of ¢ and €5. The variable
components of the errors are shown in the parentheses,
which is useful when the phase shift is spatially uniform.
For comparison, Table 3 also shows the phase errors for
the five-sample algorithm®® (by Schmit and Creath)

ot I, — 4l, + 4I, — I, 2
¢ = arctan| o ar, — 1)

and for the seven-sample algorithm (by de Groot'!) as de-
fined by Eq. (1).

In Table 3 the phase errors, including dc components,
are well minimized by the new algorithm for all e, (#0)
values. Also, the new algorithm gives better results for
phase errors that are due to a spatially uniform phase
shift (see the values in the parentheses in Table 3), except
for e, = 0. This is because the coefficient of &2 in the re-
sidual errors of the new algorithm [see Eq. (41)] is smaller
than those of the two other algorithms.

B. Group II Algorithm for p = 2 and j = 2

From Table 2 a group II algorithm that compensates for a
quadratic nonuniform phase shift and a second-harmonic
signal (p = 2 and j = 2) needs at least seven samples
when the phase-shift interval is #/2 rad. Substituting
the parameters j = 2 and p = 2, the phase-shift values
ay, = m(r — 4)/2, and the symmetric sampling ampli-
tudes specified by Eqgs. (29) with seven samples into Egs.
(8)—(11) and (19)—(21), we obtain seven linear equations:

2&1 + 2(12 + 2a3 + ay = 0, _2(12 + ay = 1,

_201 + 20,2 - 2(13 + ay = 0, bl - b3 = ]./2,
73(11 + as + 2b2 = 0, 8(12 - gbl + b3 = 0,
8(12 + 9b1 - b3 = 0. (43)

Table 3. Peak-to-Valley Phase Errors That Are
Due to a Quadratic and Spatially Nonuniform
Phase Shift for the New Six-Sample and for the
Previously Reported Seven-Sample and
Five-Sample Algorithms

Seven-Sample Five-Sample

6 & Six-Sample (de Groot)!!  (Schmit and Creath)’
(7 rad)

010 0.00011 0.00002 0.00031
(0.00011)* (0.00002) (0.00031)

0 0.2 0.0030 0.10 0.055
(0.0030) (0.013) (0.012)

0.1 0.2 0.012 0.099 0.062
(0.0046) (0.013) (0.016)

0 04 0.012 0.20 0.12
(0.012) (0.060) (0.049)

0.1 04 0.026 0.19 0.13
(0.010) (0.068) (0.047)

%The error values in the lower parentheses are for the cases in which
the phase shift is spatially uniform and dc components of the errors are
neglected.
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We can easily see that Egs. (43) do not have self-
consistent solutions. Therefore Eqs. (8)—(11) and (19)-
(21) cannot be satisfied with seven samples; the number
of samples necessary for constructing the algorithm is not
equal to the number of independent equations.

These equations can be satisfied if we take eight
samples instead of seven. Substituting the new phase-
shift values @y, = w(r — 9/2)/2 and the symmetric sam-
pling amplitudes specified by Egs. (29) with eight samples
into Eqgs. (8)—(11) and (19)-(21), we obtain seven linear
equations for eight components of the sampling ampli-
tudes. Since the solutions are not unique, we choose the
solutions so that the square sum Ele(a,2 + b,2) is mini-
mum. Since the square sum is proportional to the algo-
rithm’s susceptibility to random noise,!” this choice is an
optimization of the algorithm.

The solutions can be calculated to give
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ways equal to the number of independent equations indi-
cated in Table 2 but is reduced by unexpected zero solu-
tions for the equations. Here we show an example for
this reduction.

Consider a group II algorithm with phase-shift interval
of 7/3 rad that compensates for a quadratic uniform
phase shift and a second-harmonic signal (p = 2 and j
= 2). As shown in Table 2, the algorithm needs six
samples when the phase-shift interval is #/2 rad. For
smaller phase-shift intervals, the number of independent
equations among Eqs. (8)—(11) is 5, corresponding to the
fact that the discrete Fourier algorithm for a second-
harmonic signal needs at least five samples with a phase-
shift interval smaller than 7/2 rad.'® Since the number
of nontrivial equations among Egs. (20) and (21) for p
= 2 is 2, the total number of independent equations
among Egs. (8)—(11), (20), and (21) is now 7.

(@) = ( 31 17 19 19 17 3 )
7l 3227 3227 32427 32427 32¢2° 32427 32420 322/

5 ( 4 2 14 20 20 14 4 ) 4
" 32\2° 3227 3227 32427 3242  32y2 322 ° 322/’

and the resultant algorithm is

—4(Iy — Ig) + 2(Iy — I7) — 14(I3 — Ig) — 20014 — I5)

¢ = arctan

C. Group III Algorithm for p = 2 and j = 2

From Table 2 a group III algorithm that compensates for
a quadratic nonuniform phase shift and a second-
harmonic signal (p = 2 and j = 2) needs at least nine
samples when the phase shift is #/2 rad. Substituting
the parameter values j = 2 and p = 2, the phase-shift
values «y, = w(r — 5)/2, and the symmetric sampling
amplitudes specified by Eqgs. (29) with nine sampling am-
plitudes into Egs. (8)—(11), (19)—(21), and (24)—(27), we
obtain nine linear equations.

The solutions are calculated to give

1 1 1151 1 1 1
et =" ¢ T8 1 T 18
1 7

{o,3 = (ﬁ 16> 16° 16’ 16’16’ 16° 32

and the resultant algorithm is

(1/2)(I, -

=3, +1Ig) + 1o+ 17— 17(I3 + Ig) + 19(14 + Iy)

| w

Substituting p = 2, j = 2, aq, = w(r — 4)/3, and the
symmetric sampling amplitudes with seven samples into
Egs. (8)-(11), (20), and (21) gives unique solutions

_lo 11 0 1 1 0
{ar} - ’ _E’ 57 ’ 5’ _5’ s
1 1 1 11 1 )

1ot = (ﬁ T3 23 "2 23 33

(48)

and the resultant algorithm is given by

¢ = arctan

Iy —Ig+ I+ I+ (2/3)(I; — 17)}

VB(—Iy + I + I — I)
(49)

Note that the fourth amplitude a, becomes zero and that
the algorithm is constructed with six samples, while the
number of independent equations is 7.

Ig) — (Iy — Ig) — T3 — I7) — 94 — 1)

¢ = arctan

D. Reduction of the Number of Samples by Zero
Solutions

In Subsection 3.E we mentioned that the number of
samples necessary for constructing an algorithm is not al-

—(I, + Iy — 4y + Ig) — 4(I5 + I;) + 4(I, + 1) + 101,/

47)

E. Generic Solutions of Group II for Quadratic Phase
Shift (p = 2 and Arbitrary j)

Generic solutions, which compensate for a certain order of
phase-shift error and the harmonic signals up to the
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arbitrary order j, offer many insights into the perfor-
mance of the algorithms, such as the systematic and ran-
dom errors by the algorithms as a function of the number
of samples.!” Generic solutions for linear phase-shift
miscalibrations (p = 1) were derived by several
authors.®%13  However, to date, generic solutions for a
nonlinear phase shift (p = 2) have not been reported.

Generic solutions for a spatially nonuniform phase
shift are somewhat difficult to derive, since the linear
equations specified in Table 2 do not always have self-
consistent solutions for all values of order j. We have
shown an example of this in Subsection 3.B.

In contrast, generic solutions for a spatially uniform
phase shift are relatively easy to derive. Here, as an ex-
ample, we will derive a generic algorithm of group II that
compensates for a quadratic (p = 2) uniform phase shift
and the harmonic signals up to the jth order.
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2 Jj+3
7T 2 r2:2 sin(k ag,)cos g,
g it3
:j T3 E cos(kag,)sin ay, = 0. (53b)
r=2

Substituting the sampling amplitudes into Egs. (20) and
(21) for p = 2 and using the relations «g .5 = ag
+ 27 and @ j.4 = agy + 27, we have two linear equa-
tions for e;:

e1(sin g — sin agpy) + eg(cos ag; + cos agy)

1 Jj+3

= ——0 ay, sin(2ay,),
w(j + 2) & %o sin(2ao)

e1(cos ag; — €os @gy) — ey(sin @y + sin @gy)

From Table 2 the algorithm needs at least j + 4 1 J+3
samples when the phase-shift interval is 27/(j + 2) rad. = 2 ag, cos(2ay,), (54)
We start with the sampling amplitudes with j + 4 com- m(J + 2) 7=
ponents:
{a,} = (0, ag, as, ..., @ji9, ajr3, 0) which have solutions?®
+ —e1,0,0, ...,0, —eq, e7), 3w
(el7 €, e el) 1 cos| — —
{br} = (0’ b2’ b3’ (RS} bj+25 bj+35 0) e, = J
VU2 +2) | 27|’
+ (827 €, 0’ 07 XXX) O? —€g, _92), (50) sm i+ 2
where e; (for i = 1, 2) are the unknowns to be determined 3
and a, and b, are the discrete Fourier amplitudes defined sin m
by = ! J 2 (55)
5 5 22_2(j+2)_2< 277)’
_ _ . sin®| —
a,—j+2cosa0r, b,—j+2s1na0, j+2
for r =2,3,...,7+3, (51 and the resultant algorithm is given by
( Nk A \
Lo ; ST ]§)I»' 2 j+5
70t 2_j+3_j+4).2 ) e ) L
sin 72
¢ = arctan< 3 - (56)
cos| — j+3 .
1 Jj+ 2 2 Jj+5
T =D L+ L) — o + 22 I, cos(m)<r -
sin i 2
\ J

where the phase shift is defined by

277( j+5)
r — ——|.

o =iva 2 62

The sampling amplitudes are shown to satisfy Egs. (8)—
(11) from the orthogonality of the Fourier amplitudes:

9 j+3
¥ e 22 sin(k ag,)sin ag,
=
Jj+3
:j T2 E cos(kag,)cos ay, = 6(k, 1), (53a)
r=2

For j = 2 Eq. (566) reduces to the six-sample 7/2-interval
algorithm derived by Schmit and Creath!® as

11_312_413—"—414—"—315_16
_11_312+413+4I4_3I5_16 ’
(57)

¢ = arctan(

The generic solution for a quadratic phase shift has a
similar structure to that of the generic solutions®® for a
linear phase-shift miscalibration (p = 1) in that the sam-
pling amplitudes consist of discrete Fourier amplitudes
and several additional correction terms in both the nu-
merator and the denominator. However, these two ge-



928 dJ. Opt. Soc. Am. A/Vol. 14, No. 4/April 1997

neric algorithms for p = 1 and p = 2 have quite different
statistical properties with respect to random noise.!”

4. FOURIER REPRESENTATION OF THE
ALGORITHM

The error-compensating capability of a phase-shifting al-
gorithm can be visualized and well understood if we take
a Fourier representation of the sampling functions of the
algorithm.®1071316  Freischlad and Koliopoulos showed!®
that for any phase-shifting algorithm the Fourier trans-
forms of its two sampling functions have matched values
at the fundamental frequency vq = 27/T, where T is the
period of the phase-shift parameter «, and their phases
are in quadrature at this frequency. We have shown®!?
that when a phase-shifting algorithm is insensitive to a
linear phase-shift miscalibration, the first derivatives of
the Fourier transforms also have matched values at fre-
quency vy, and their phases are in quadrature. Surrel
showed!® that when an algorithm gives a residual error
o(€;?), a linear combination of the Fourier transforms has
a (p — 1) st-order continuity of its derivative at fre-
quency v.

In Subsection 2.C we have derived a new condition of
Eq. (19) for an algorithm to become insensitive to a spa-
tially nonuniform phase shift. Here we derive a Fourier
representation of this new condition.

The sampling functions of the numerator (f;) and the
denominator (fy) of an algorithm given by Eq. (5) are de-
fined by

fi(a) = 21 b,8a — a,), (58)
f2(a) = 21 aré\(a - ar)y (59)

where §(a) is the Dirac delta function and the other pa-
rameters are as defined in Subsection 2.A. The Fourier
transforms of these two functions are

Fi(v) = >, b, exp(—ia,v), (60)
r=1

Fy(v) = D, a, exp(—ia,v), (61)
r=1

where i is the imaginary unit and v is the frequency vari-
able. It was shown'® that, in order to give a correct ob-
ject phase, functions F'; and F, need to satisfy the two fol-
lowing equations:

F1(0) = Fy(0) = 0, (62)
Fi(vg) + iF9(v) = 0. (63)

When there is a phase-shift error, the phase-shift value
a, is shifted from the correct value ay,.. When an algo-
rithm is insensitive to a nonlinear and spatially uniform
phase shift of order p, the derivatives of the unperturbed
function Fo, + iF, take zero value at frequency v,.'>1?
That is,
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Py | dFy
dv? ! dv?

=0 atv=vyy forgq=1,..,p,
(64)

where Fy;(v) and F oo(v) are the Fourier functions with un-
perturbed phase shift «, = «, .

Now we will derive the Fourier representation of Eq.
(19). Taking the gth derivative of Egs. (60) and (61) and
substituting @, = «,, into both equations give

d?F d9F -
_ = (—=})¢ z - q g
] L g0 (—1) 2 {[—a,aq,? sin(ag,v)

+ bra0rq COS(QOI‘V)]
— i[a,a,? cos(ay,v)
+ b,ap,? sin(aq,v)]}. (65)

Since the period T of the phase-shift parameter is 27, the
fundamental frequency vy = 27/T is now equal to unity.
With vy = 1 and from Eq. (65), Eq. (19) can be rewritten
as the following equation:

. d?Fy | diFg
= -1
dv? dv?

Im| =0 at v= vy, (66)

where Im(x) denotes the imaginary part of complex x and
order g satisfies 1 < q < p.

Note that the signs of the imaginary unit before
d?F o, /dv? in Egs. (64) and (66) are different. From Egs.
(64) and (66), we can derive that, when an algorithm is
insensitive to a pth-order nonlinear and spatially nonuni-
form phase shift, the Fourier functions Fy; and i Fy; have
the following properties:

1. The odd-order derivatives d%Fy;/dv? and
1(d9F y3/dv?) have a matched zero real part at the funda-
mental frequency v = v,, where order ¢ satisfies 1 < g
< p.

2. The even-order derivatives d?F();/dv?! and
i(d?F y5/dv?) have a matched zero imaginary part at v
= vy, where order g satisfies 1 < g < p.

We have noted in Subsection 2.C that if an algorithm
has the symmetries ¢, = a¢,,,1-, and b, = —=b,,.1_, in
the sampling amplitudes, Eq. (19) for odd ¢ is always sat-
isfied. Therefore an algorithm with the symmetries al-
ways satisfies property 1. However, property 2 is not
common in the error-compensating algorithms so far re-
ported.

Figure 1 shows the real and imaginary parts of the
functions (d?F(;/dv?) and i(d9Fgy/dv?) for the new six-
sample algorithm (p = 2) derived in Subsection 3.A [see
Eq. (39)]. Both first-order derivatives have zero real
parts, since functions Fy; and i F oy are pure imaginary be-
cause of the symmetries of the sampling amplitudes.
Therefore property 1 is satisfied for this algorithm. The
imaginary parts of the second-order derivatives have
matched zero values at fundamental frequency v, which
is consistent with property 2.

Figures 2 and 3 show the functions F; and iF,, the
imaginary part of the second-order derivatives for the
new eight-sample [see Eq. (45)] and new nine-sample [see
Eq. (47)] algorithms, both of which are insensitive to a
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0 1 2 3
v/iv,
(@)
6 | .
4F, regFou). peps
Imfi —=3 el 1 Reli= =
0 —4 -
d'F, e N
Im[ ;)l R -
v
._6 | i
0 1 2 3
v/iv,

Fig. 1. (a) Functions Fy(v) and iFy(v) and (b). Real and
imaginary parts of their derivatives for the new six-sample algo-
rithm, where F;(v) and iFy(v) are defined by Fo(v) = (i/12)
X [5 sin(57v/6) — 6 sin(71/2) — 17 sin(71/6) ] and  (Fg(v)
= (\/3/36)i[cos(5m/6) — 26 cos(m/2) + 25 cos(mv/6)].

0 1 2 3
viv,

Fig. 2. (a) Functions F;(v) and iFy(v) and (b) imaginary parts
of their second-order derivatives for the new eight-sample algo-
rithm, where Fg,(v) and iFy(v) are defined by Fy(v)
= (\2/32)i[ 4 sin(Tmv/4) + 2 sin(5m/4) — 14 sin(37v/4) — 20
X sin(m/4)] and iFp(v) = (V2/32)i[ —3 cos(7Tmv/4) + cos(5mv/
4) — 17 cos(83mv/4) + 19 cos(mv/4)].
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(b)

Fig. 3. (a) Functions F;(v) and iF,(v) and (b) imaginary parts
of their second-order derivatives for the new nine-sample algo-
rithm, where F(;(v) and iFy(v) are defined by Fy;(v) = (i/16)
X [sin(27v) — 2 sin(37/2) — 14 sin(7v) — 18 sin(71/2)] and
iFy(v) = (i/8)[—cos (27v) — 4 cos(371/2) — 4 cos(mv) + 4 cos
X (mv/2) + 5].

quadratic and spatially nonuniform phase shift (p = 2).
We can observe that both Fourier functions satisfy
property 2.

5. CONCLUSION

The phase measurement errors in phase-shifting interfer-
ometry that are due to spatially nonuniform phase shifts
were discussed. For linear phase-shift miscalibrations,
error-compensating algorithms become insensitive to the
spatial nonuniformity of the phase shift if the sampling
amplitudes have symmetries in their values. However,
for a nonlinear phase shift, the spatial nonuniformity
gives significant errors for all error-compensating algo-
rithms so far reported.

An analytical procedure for constructing phase-shifting
algorithms that compensate for a nonlinear and spatially
nonuniform phase shift and harmonic components of the
signal was derived. As examples, new six-sample, eight-
sample, and nine-sample algorithms were derived that
are insensitive to a quadratic and nonuniform phase shift.
Some characteristics of these algorithms were also dis-
cussed with the aid of a Fourier description.
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