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ABSTRACT

This paper is devoted to the problem of positivity conditions of Teager-Kaiser energy operator in one
dimension. This operator and its extended versions form a class of energy operators that are well adapted
for non-stationary signals and images processing and thus, are well suitable for a large range of domains
and applications. However, negativity of the operator is essentially meaningfulness and thus prevents it
from having some useful mathematical properties. We tackle this problem of positivity, and we show
that it can be formulated logarithmically in terms of attenuation and phase of the input signal, rather
than the more conventional AM-FM model. A more detailed analysis of the positivity conditions of the
operator is presented, which extends and generalizes the findings reported in the literature. We highlight
the existence of a critical interval over which the positivity is depending on the initial phase of the input
signal. Outside this critical interval, the positivity is guaranteed. Positivity conditions are illustrated and
analyzed on synthetic and real signals.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

A large class of real signals are found to be non-stationary
in nature, where their amplitude envelope and frequency con-
tent are time varying. Signal representations that are inherently
able of capturing such non-stationarity are of great practical in-
terest in many areas of signal and images processing applications.
A well known model for decomposing a non-stationary signal into
its essential components, is the amplitude-modulation frequency-
modulation (AM-FM) model which describes the signal content in
terms of amplitude and phase functions. The basic problem in pro-
cessing AM-FM signals is the demodulation, i.e., estimation of the
information stored in the instantaneous amplitude (IA) and instan-
taneous frequency (IF) of the input signal. These physically mean-
ingful features, are well suited for characterizing non-stationary
signals. The development of the nonlinear Teager-Kaiser (TK) en-
ergy operator has facilitated the energy representation and demod-
ulation of signals modeled by AM-FM functions. TK energy opera-
tor is a non-linear signal operator introduced by Teager [1,2], and
formalized and its properties explored by Kaiser [3,4]. This opera-
tor owes its energetic properties to the fact that, when it is applied
to an harmonic oscillator output (mass-spring oscillator of constant
stiffness), it tracks the energy (per half unit mass) of a source gen-
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erating the signal [5-9]. Continuous version of this operator, noted
W.(.), when applied to a signal x(t) is given by

W (x(t)) = ¥ () — x(DX(t) (1)

where x(t) and X(t) are respectively the first and second deriva-
tives of x(t) with respect to time t. Discrete-time and scaled coun-
terpart of \Ilc(x(t)) is derived by replacing x(t) by x(n) = x(nT;),
where T, is the sampling period, and derivatives x(t) and X(t) by
finite differences:

TKy(x(n)) =x*(n) —x(n—1)x(n+1), ne N (2)

The fact the operator spans three adjacent samples only of x(t),
highlights its superior localization property. This input-output re-
lation is termed as "Teager’s algorithm” [3]. A striking feature of
W, (.) is its behavior, when applied to AM-FM signal x(t) of the
form [11-13]:

X(t) = a(t) cos (o (t)) (3)

where a(t) is the IA, a positive function corresponding to the in-
formation to be transmitted [10], and ¢(t) denotes the instanta-
neous phase of x(t). The TK energy operator applied to AM-FM
signal x(t), and its first derivative yield respectively

W (x()) ~ a (D)2 (1) (4)
W (x(1)) ~ a®(£)*(t) (5)

Approximations (4) and (5) are valid under certain general realistic
constraints that restrict the bandwidths of a(t), ¢(t)/27w and the
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maximum frequency deviation of the FM component to be much
smaller than the carrier frequency of x(t) [5]. Output of Wc(x(t))
is approximately the squared product of the IA and IF of x(t), and
thus it can be termed as frequency weighted energy. Under the
assumption that the operator outputs (4) and (5) are positive, this
has motivated the continuous energy separation algorithm (ESA)
which provides at each instant estimates of the time-varying IF,
f(t), and of 1A, |a(t)|, of x(t) [5]:

1 RO

f(t) ~ P m (6)

ja(t)] ~ X1 )
V(O]

ESA highlights the fact that W¢(.) is instantaneous and able to re-
spond very quickly to changes in IA and IF of x(t). This is why
\IIC() is well adapted for demodulation and formant tracking.

The very low computational complexity of the operator, and
its sensitivity to instantaneous changes in frequency-dependent
energy of the input signal, have motivated a lot of research
works in different domains such as AM-FM demodulation [14-21],
speech analysis [22-29] signal detection [30-37], time-delay esti-
mation [33], time-frequency analysis [38-41] and image processing
[42-45], to name a few. For more details and for general papers on
this topic, the reader can refer to the overview on TK energy op-
erator and its applications presented in [46]. Since TK energy op-
erator can track the energy of linear oscillator, it is viewed an en-
ergy operator and thus, all the TK-based studies and applications,
reported in the literature, work under the basic assumption that
the operator outputs are positive. In absence of a deep study ad-
dressing the positivity problem of the operator, negative values of
the operator are mostly attributed to noise, derivative discretiza-
tion schemes or to roundoff errors involved in the numerical cal-
culations of the operator. Consequently, often we make sure the
output of the operator is non-negative, and a way out is to use the
absolute function.

Although there are a lot of research works done in the domain
of TK energy operator and its extensions till now, there are few
works in the literature that address the challenging problem of the
positivity of the operator \Ilc() This issue has been first addressed
by Margos et al. [22] and later positivity solutions on simplest sig-
nals namely, linear signals, sinusoidal signals and exponential of
order one have been discussed by Bovik and Margos [47]. They
proposed a general solution but it still limited to a "sufficiently
smooth” signal amplitude defined by the signal’s logarithmic con-
cavity [47]. Their study was later supplemented by Larkin in the
case of AM-FM signal [48]. Recently, positivity problem has also
been discussed by Banerjee and Chakrabarti but their study is still
limited to harmonique signals [49].

Positivity underpins the definition of an ideal energy operator -
a negative energy signal is essentially meaningless- but \Ilc() only
approximates the ideal [48]. The positivity of idealized version of
\Ilc() is guaranteed because the output is a square function:

W (x(1)) = a(t)?(¢) (8)

The positivity of W.(.) is required because TK-based tools and ap-
plications only work under positivity assumption of W.(.). One can
quote situations or tools based on the positivity assumption of the
operator [46]:

1. Interpretation as some physical energy quantity of \IIC() and
its extension versions such as higher order (HO) differential en-
ergy operators [20], generalized HO non-linear energy operators
[50] or multi-dimensional TK energy operators [18];
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2. The ESA, given by relations (6) and (7) [5,15,16,18,21,50-52],
and ESA-based tools such as Teager-Huang transform [51] or
Teager-Huang-Hough transform [40] work under positivity as-
sumption;

3. Cross version of \IIC(.) requires the positivity for its exploitation
as a similarity measure for signals classification or time-delay
estimation [53-58].

We show in this work that even in absence of noise and also
for continuous version of the operator, this last can go negative, a
situation that clearly undermines its physical significance as an en-
ergy operator. A more detailed analysis of the positivity conditions
of \Ilc(.) is carried out, which extends and generalizes the findings
reported in [48] and [47]. Unlike studies in [22,47,48] and [49], the
new established positivity conditions are illustrated on both syn-
thetic and real AM-FM signals.

1.1. Main contributions

1. The positivity problem of the TK energy operator is formulated
logarithmically in terms of attenuation and phase, rather than
the more conventional AM-FM model, which is equivalent to a
geometrical interpretation of the positivity of Wc(.).

2. We show that the proposed formulation brings out the depen-
dence of the positivity of \Ilc() on the initial phase of the input
signal. To best of our knowledge the question of dependence of
\IIC() on the initial phase of the input signal has never been
raised in the literature.

3. We highlight the existence of a critical interval over which the
positivity of \I’c() is depending on the initial phase of the input
signal.

4. Results of this work extend and generalize the findings reported
in [47] and [48].

1.2. Organization (outline)

In Section 2, we present the logarithmic formulation of positiv-
ity problem of the operator, which plays a key role in the proof of
the reported results, followed by Theorem 1 that establishes suffi-
cient condition of positivity, CS1, of W.(.). We point out the geo-
metrical interpretation of the positivity of the operator. Two nor-
malized versions of CS1 are summarized in Corollary 1.1 (CS2),
and Corollary 1.2 (CS3). Condition CS2 highlights that the positiv-
ity region is bounded by a parabola, while CS3 states that this re-
gion is delimited by an hyperbola. In Section 3, we provide the
positivity condition of the operator, excited by an AM-FM sig-
nal, termed as quadratic signal, whose attenuation and phase are
of quadratic form: p(t) = pg + p1t + Pot%; P (t) = o + P1t + Pyt
We prove the existence of critical interval over which the positiv-
ity of the operator is depending on the initial phase of the input
signal. We show that the positivity analysis can be formulated as a
geometric problem, and we give the proof of Theorem 2 that guar-
antees the positivity and highlights an interesting geometric mean-
ing of the positivity. We next introduce Theorem 3 that gives the
critical interval outside which the positivity of W.(.) is guaranteed
and there exists initial phase values for which W.(.) is negative
over this interval. We also state and prove Corollary 3.1 that gives
a time critical value from which W.(.) is positive, and Corollary
3.2 that underlines the fact that under condition CS3, if ¢ and
¢, have the same sign W.(.) is positive for all t ¢ R*. We show
that an AM-FM signal with p(t) and ¢(t) expanded in Taylor se-
ries of second order is also a quadratic signal, and thus condition
CS3 holds. We present Proposition 2 that proves that ¥.(.) is posi-
tive for a linear chirp signal defined over R*. Results on simulated
linear chirp signal and real bat echolocation signal are presented
and the positivity of the operator analyzed in Section 4. We illus-
trate the dependence of the positivity of the operator by analyzing
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different initial phase values of the input signal. More precisely,
we identify the critical interval over which the positivity depends
upon on the initial phase of the signal. We conclude the paper and
discuss possible future work in Section 5.

2. AM-FM model
2.1. General condition & Logarithmic formulation

AM-FM signals are used to model a wide range of physical and
biological phenomena (marine mammals, speech, biomedical sig-
nals, textured images,...) as well as in information transmission sys-
tems such as Radar and Sonar [11]. Thus, the positivity conditions
analysis of W.(.) is focused on this class of signals. In this work,
the positivity problem is formulated logarithmically in terms of
attenuation and phase of the input signal, rather than the more
conventional AM-FM model. We illustrate the separate constraints
upon amplitude modulation and phase as a subtle interplay. Our
aim is to develop the initial work of Bovik and Maragos [47] and
show that their log-concavity signal condition implies an interrela-
tion between amplitude and phase of the input signal [48]. The
log-concavity implies that an attenuation representation may be
advantageous. Thus, we take the logarithm of the IA of the input
signal x(t) as follows:

log (a(t)) = p(t) = x(t) =eP® cos (¢(t)) (9)

This model (Eq. 9) plays a key role in the proof of the results.
Based on this model, we prove Theorem 1 which establishes the
sufficient condition of positivity, CS1, of \Ilc(.). Positivity condition

for the operator is simply W¢(s(t)) > 0.

Theorem 1. Operator Wc(x(t)) is strictly positive for any t € R for
which condition CS1 holds :

192 (©) = 5 (O +VFO + 520).
Proof. First and second derivatives of x(t) are given by :

#(t) = e?O [ p() cos ($ (1)) - $(©) sin (4 ()] (10)

5(t) = e O[(B(0) + H*(1) — §?) cos (¢ (1)) — (2 () (£)

+$©)sin (¢(©))] (11)

After simplification we get
x(6) = x(Dx(E) = e 0[P (€) + () sin (¢(1)) cos (4 (1))
— p(t)cos? ($(0))] (12)

Then, it follows that
W (x(t)) = e*Vg(t) (13)
where function g(t) is given by
g(t) = $*(©) + () sin (¢ (1)) cos(p (1)) = p(t) cos® (¢ (1)) (14)

Positivity of the first factor is guaranteed. Thus, the positivity of
Wc(.) is reduced to the study of that of g(t). Provided that p(t)
and ¢(t) are not both simultaneously nulls, we get

(t) L VOO + 52O b :
g) = g2 - 20 - xsin (2¢(¢)
2 (W(r) +p2(0) (o)
p(t)
- cos(2¢(t) (15)
V2 (6) + p2(t) ( ))
There is a unique phase ¥ (t) € |-, ] such that
cos(W () = —28 iy (6)) = ——LO (16)

V&) + pr(ty V@2 () + p2(t)
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Using trigonometric relation sin(a — b) = sin(a) cos(b) —
cos(a) sin(b), the function g(t) can therefore be rewritten as

g(t) = (¢>2<t> g (”> $ YOO Gin (290) - y ()

(17)

Consequently, g(t) is positive if
0 - 2O ¢¢2(t)2+ P () (18)

which complete the proof. O

Comment: Theorem 1 establishes the sufficient condition of
positivity, CS1, of \IIC() Formulated logarithmically in terms of at-
tenuation p(t) and phase ¢(t), rather than the conventional AM-
FM model, this theorem states that the positivity problem is lim-
ited to the positivity of only one function, g(t). Interestingly, it
highlights that the positivity depends neither on the attenuation
p(t) nor on its first order derivative p(t). Also, this theorem al-
lows a geometric interpretation of the positivity of the operator.
Indeed, we show in the following that normalizing relation (18) by
(i)z(t) or by ¢(t) leads to a new formulation of condition CS1,
and thus reducing the number of parameters. Normalization by
@2 (t) leads to a positivity region bounded by a parabola [48]. By
Theorem 1 we derive directly this parabolic positivity condition re-
ported in [48]. Although limited to a restrictive class of signals,
normalization by ’di(t)‘ allows a particular geometric approach, we
will study next.

2.2. Normalization by ¢2(t)

Form of function g(t) suggests that the number of variables can
be reduced by defining normalized curvatures «(t) and B(t) ana-
logues to normalized chirp rates [48]:

P P(t)
d =
¢2 0 and B(t) = ¢2(t) (19)

Result of this normalization is stated by Corollary 1.1.

a(t) =

Corollary 1.1. If (i)(t) # 0, CS1 is equivalent to condition
CS2 : |B(t)] <24/1—a(t)

Proof. Dividing the two members of CS1 by $2(t) we get

2—a(t) > Ja2(t) + B2() (20)

This inequality is equivalent to

(2-a®)? >a?(t)+pA()
a(t) > 2

which simplifies to 1—o(t) > (@) and, so, complete the

proof. O

Comment:

Corollary 1.1 also highlights that the positivity region is bounded
by a parabola. Conditions CS1 and CS2 have been established by
the upper bound |sin (2¢(t) — ¥ (1)) | < 1. Study of parabolic con-
dition CS2 is detailed in [48]. In order to go further, let us keep the
phase dependence of the sine term by avoiding this upper bound.
Then, an hyperbolic condition is stated by Proposition 1.

Proposition 1. Regions of positivity of W.(.) are delimited by a fam-
ily of hyperbolas, indexed by 6(t), and given by

af(t) — B2 (t) =4(1+ (1)) (22)
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Fig. 1. Dependence of hyperbola curves upon the phase of the input signal.

where  0(t) =2¢(t) — ¢ (t), T(t)=tan(0(t)) and ()=
a(t) —2(1+12(1))
T(t)
Proof. Plugging « (t), B(t) and 6 (t) into relation (17), we get
_ 2

8(t) = =5—v(a(0), B©). 6(D)) (23)

with

y(@(®). B©.00) = [2- @) + /a0 + FDsin (60))
(24)

To prove the positivity of g(t), it is enough to prove the positivity
of v(t) given by the following inequality

Va2 () + B2(t)sin (0(1)) > a(t) -2 (25)

For a given 6(t) we obtain a region of R* where the condition
holds for the couples («(t), B(t)), and the boundary of this region
verifies the equality

(@?(t) + (1)) sin® (B(1)) = (2 — (1)) (26)

If 6(t) # 2km, k e Z, by setting 7(t) =tan (0(t)), this equality is
equivalent to

(a(t)—Z(l +72(t)

T(t)

which is the equation of an hyperbola. The change of coordinates
system obtained by setting

a(t) —2(1+72(1))
T(t)

leads to the proposition. Note that the case t(t) =0, omitted
above, is trivial. The positivity condition is simply «(t) < 2.

2
)) - B*(t) =4(1+ (1)) (27)

o (t) = (28)

o(t) [0; g]

Fig. 2. Four positivity regions showing the dependence of the output of W.(x(t))
on function 6 (t).

0(t) € [g, 7rj|

The family of hyperbolas is depicted in Fig. 1. Regions of posi-
tivity of Wc(.) are colored in green in Fig. 2. Once the curve limit is
fixed, regions of positivity depend on 6 (t). Different cases of posi-
tivity regions are represented in Fig. 2. O

2.3. Normalization by | (t)]

Before dividing by |¢(t)|, we have to consider the case |¢(t)| =
0 which corresponds to a linear phase: ¢(t) = ¢ + ¢1t. Inserting
¢(t) into relation (14), we get

g(t) = ¢? — p(t) cos®(¢ho + P1t) (29)
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0

t

Fig. 3. Positivity region of linear phase signal delimited by curves of f(t) is colored in green.

So, g(t) is positive if and only if

¢
cos?(¢o + 1)

where the second member of the inequality can possibly be +oco.
Thus, the positivity holds if p(t) < ¢]2 (t) and, more precisely if and
only if p(t) < f(t) where f(t) is given by

ft) = ¢—12
"~ cos?(¢o + Pit)

The positivity condition is illustrated in Fig. 3, where W (x(t)) is
positive in the half plane 5(t) < ¢? and if, §(t) > ¢?, outside the
regions delimited by f(t).

We now assume that ¢(t) # 0, except for a finite number of
values of t. Result of the normalization is given by Corollary 1.2.

o(t) < (30)

(31)

Corollary 1.2. If ¢ (t) # 0, condition CS1 is equivalent to condition
€S3 :pu(t) > h(A(D)),

where h(A(t)) = %(A(t) +4/1 +A2(t)>, At) = |gg;| and w(t) =
s
gl

Proof. Simply divide two members of relation (18) by | (t)|. O

Interpretation: Positivity of W.(.) is reduced to a relationship
between two ratios

A(t) = & an = &
P (0)] P (6)]

Condition CS3 ensures the positivity of W.(.) outside the
hatched area as illustrated by Fig. 4.

Comment: Condition CS3 can be simplified according to the
magnitude order of A(t):

L A ~ 0= h(A() ~ 3 (1+ 1)

2, )\(t)>>1:>h(x(t))=@(1+ 14 75 ) ~ A0

3. A() << —1 = h(A()) = @(1 . A%m) ~

Case A(t) >> 1 leads to sufficient condition of positivity:
P2 (t) > p(t) >> |p(0)] (33)

In what follows we provide the positivity condition when W.(.)
is excited by an AM-FM signal whose exponential attenuation and
phase are of quadratic form. We prove the existence of critical in-
terval over which positivity of W¢(.) is depending on the initial
phase of the input signal. To this end, we show that the positiv-
ity problem can be formulated as a geometric one.

d u(t) (32)

-5

Fig. 4. Condition CS3.

3. Quadratic case

Consider an AM-FM signal where the attenuation and the phase
are polynomial of degree 2:

p(t) = po + pit + pat?, P(t) = o + Pt + ot (34)
We term this case, quadratic signal. This can be derived locally by
a development of p(t) and ¢(t) around a given instant ty.

3.1. Geometric formulation of positivity

Theorem 2. When a signal x(t) is quadratic, the positivity of
Wc(x(t)) that holds on a : c R domain is equivalent to the inequal-
ity

(au +b) — ksin(Qu + ¢) > 0on a domain 2, c R" (35)
where a, k and 2 are positive.

Proof. Since x(t) is quadratic, relation (17) becomes

8(t) = ($7(1) = p2) + /3 + p3 sin (26.(t) — V) (36)

where 1 = ¥ (p;, ¢,) = constant. Let us apply the non bijec-

tive parameter change u = (t —d)? with d = —¢1/2¢,. If t €I, =

[To: Tr] ¢ R, then u €I = [ug; ur] c R+, where

1Lif de¢l up = inf{(T — d)%; (Tr — d)?}
sup {(Tp — d)%: (T — d)?);

and up =
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Fig. 5. Geometric interpretation of the positivity of \Ilc(.), excited by a quadratic
signal.

2. if del; : ug=0 and up=sup {(Tp — d)?; (Tr — d)?}.

Since ¢ (u)=d,u + ¢p — ¢d? and

F2a) = (d¢)<u> a3u (37)
it follows that

g() = (4p3u—p2)++/P3+p? sin(2paut + 2o — 22d*— V) (38)

By shifting the phase, we guarantee the positivity of u, in the sine
function, and then it follows that:

g(u) = (au + b) — ksin(Qu + @) (39)
where u>0, Q=2|¢;|>0, a=4¢p2=%2>0, b=—p;, k=

V#3 + p7 > 0 and
T — arcsm( T ) + (2o — 2¢,d?) if ¢, >0

(p =
P2\ _ ¢y — 2¢2d2) if ¢y < 0.

(40)
7T — arcsin (

O

Geometric interpretation : Phase shifting makes the new form

of g(u) (Eq. 39) more amenable to check the positivity of W¢(.) by
studying the sign of the difference between two functions namely,
an affine function [(u) =au+b and a sinusoidal function s(u) =
ksin(Qu + ¢). Resolving (au + b) — ksin(Q2u + ¢) > 0 on a domain
2y C R* then returns, from a geometric point of view, to deter-
mine the values of u for which the half-line (or segment) of equa-
tion [(u) is above the sinusoid s(u). The geometric meaning of the
positivity of W(.) is illustrated in Fig. 5.

3.2. Critical interval and initial phase

Theorem 3. When the signal x(t) is quadratic (1) W¢(x(t)) > 0 out-
side a time interval I =[d—y,d+ y |;

(2) if t €l there exist values of the initial phase ¢q for which
\Ilc(x(t)) <0

where y and Aq are given by

1 P2
y=——|hg+,/1+A2 and A, = L= (41)

211V I 7 1ol
Proof (1) : Since s(u) € [—k; k], therefore g(u) will be positive

when I(u) > k. Expressed as a function of t, this condition is writ-
ten as

4¢3 (t —d)* — py > \/$2 + p? (42)

or

Setting d = —% and using y and A4, we obtain the condition
2

|t — d| > y, which means that ¢ ¢ I.
Proof (2) : Given the expression of ¢ (Eq. (39)), when the
initial phase ¢y € R, ¢ € [-m; 7] and therefore, s(t) = ksin(Q2t +
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I(u)

Fig. 6. Critical interval of the positivity of W.(.).

@) € [-k; k]. Additionally, if I=[d—y,d+y]#2, for Tel,
we have u= (t —d)? and I(u) < k. Then, there exits an initial
phase value ¢q for which s(u) > I(u) and, therefore, g(u) < 0.

Comment: Such a value of ¢g is not unique. If
[To; Tr]N[d—y,d+y]# o, there is a non-empty interval of
values of ¢ over which Wc(x(t)) <0. This interval is reduced
to a singleton only in the individual cases where Tr =d —y or
To = d+ Y.

Interpretation: The part of the half-line represented in Fig. 6 in
dashed lines corresponds to an interval of values of t, critical inter-
val, over which there are initial phases of the input signal making
W, (.) negative. Outside this range, the positivity of W.(.) is guar-
anteed.

Corollary 3.1. For a quadratic signal x(t), there is a critical value t.
from which W(x(t)) is positive for all t > .

Proof. If t > d + y, we have \Ilc(x(t)) > 0 then, starting from 7, =
d+y, W(x(t)) >0 and, for t > 7, Wc(x(t)) >0. O

Corollary 3.2. For a quadratic signal x(t), if ¢1 and ¢, have the
same sign and condition CS3b holds, then W¢(x(t)) > 0 Vt e R* :
CS3b : g > h(rg)
where

_ 9 1 2
B = 3lgg] 24 = 4] 400 =3 ( VI

Proof. By Corollary 3.1, if 7. <0, thus W, (x(t)) >0 for te
] T¢; +oo] with RT C ] t¢; +oc]. Since y is always positive, 7. < 0 is
equivalent to the two simultaneous conditions d < 0 and d? > 2.
On the one hand d is negative if, and only if, ¢; and ¢, are of the
same sign, on the other hand the inequality d* < y2 is equivalent
to

91 L Ag+4/1+A2 (44)

4¢2 4|¢2|

where Ao = L2 Note g = L% to get the expected result
7 1l 17 21¢2] '

Corollary 3.3 provides the positivity condition for tp =0. O

Corollary 3.3. For a quadratic signal x(t), provided that CS3 holds,
then W¢ (x(0)) > 0.

Proof. We must have 0 ¢ I, which is the case, either if

1. d+ y <0 (case previously studied) which is verified if d <0
and if the condition CS3b holds, or if

2. d — y > 0 which needs in a similar way the realization of d > 0
and CS3, whence the statement of the corollary.

We show in the following that, using a local quadratic model,
condition CS2 stated in the general AM-FM case is verified. O
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3.3. Local quadratic model

Consider an AM-FM signal x(t) = e?® cos ¢ (t), with the atten-
uation and phase expanded in Taylor series of second order around
t=tp:

B (t) = P (to) + (t — to)P(to) + 0.5(t — to)?P(to) (45)

p(t) = p(to) + (£ — to) p(to) + 0.5(t —tg)?f(to) (46)

Setting o = P(to)., ¢1=P(to), ¢ = 3P (o), po=p(to), p1 =
p(to) and py = 1p(to), we get x(t) = xq(t —to) where

Bq(t) = po + pit + pat?, pg(t) = Po + 1t + Pat? (47)
Thus,
xq(t) = e cos ¢y (t) (48)

is a quadratic signal. Positivity of W¢(x(t)) at to # 0 is thus re-

duced to that of Wc(xq(t)) at to = 0. The latter holds for to =0
does not belong to interval I =[d -y, d+y ], so, by Corollary
3.2 condition CS3 holds. Given parameters p; and ¢;, i€ {0, 1, 2},
we get ug = u(tp) and Aq = A(tp). We next prove that positivity
(subsection 3.2) holds for a class of AM-FM signals namely, linear
chirp signals.

3.4. Linear chirp

A signal x(t) = a(t)cos(¢(t)) is called chirp if the following
conditions are checked [59]:

(C1): |a(t) /a(t)(t)| << 1and (€2) : |$(t) /*(D)] << 1.

Using a(t) = e?® these conditions can be rewritten as follows

(€11) : |p(t) /()| << 1and (C21) : |d(t) /§* ()] << 1.

We will call x(t) linear chirp if variations of p(t) and ¢(t) are
linear, i.e. if x(t) is, moreover, quadratic.

Proposition 2. The operator ¥.(.) is positive for a linear chirp signal
defined on R+.

o , 1 P1
Proof. For a quadratic signal, setting d=—--"—, m=—-—
d & & 2¢ 2p3

and A = |’q.;—2| C12 and C22 can be written as

2
(€12) : ‘A t-m ‘ 1 and (C22): ! 1

. << . | <<
t—d 2¢,(t —d)?

Condition €22 cannot be satisfied on R because the first mem-
ber tends to oo when ¢ is close to d. Let’s study this signal. We
need to have d < 0 so C22 holds on R*. Thus,

¢1 and p; must have the same sign (R1).

When t — oo, condition C12 imposes |A| << 1 and, when t — 0,
condition C22 imposes i >> 1. So we have

== h(h) = %<A+\/1+A2) (R2).

Given (R1) and (R2), conditions of Corollary 3.3 hold and W¥.(.)
is positive. O

4. Results

We study the positivity of TK energy operator on both synthetic
and real signals.
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Fig. 7. W.(x(t)) of the linear chirp.
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Fig. 8. Corollary 3.2 holds.

4.1. Linear chirp signal

We illustrate Corollary 3.3 through a synthetic linear chirp sig-
nal given by

x(t) = e*® cos (o (1)) (49)

where p(t) = —4+0.2t +0.0016t2 and ¢(t) = 2 + 0.19¢ + 0.02¢t2.

Figure (7) represents the output of W.(x(t)). For sake of visibil-

ity of the sign of W.(x(t)), a normalized version of W.(.) is used:
Kk We(x(t))

z@)=In| ——~+— 50

© <mf(\lfc ®0O)) 0

where « is set to 10. As expected, by Corollary 3.3 the operator is
positive.

For a quadratic AM-FM signal, sufficient condition of positivity
of W.(.) is verified. This condition proves, moreover, necessary for
the positivity to be independent of the initial phase of x(t). We re-
port in Fig. 8 the output of W.(.) for a quadratic signal x(t), satis-
fying the criteria of Corollary 3.2, with the parameters: pg = —4,
p1 =02, pp =-0.0016; ¢; =0.1, ¢, =0.01, - < ¢pg < +m. The
operator remains positive on R*. Using the same parameters but
with ¢, set to -0.01, Fig. 9 shows that the criteria of Corollary
3.2 are not checked, and this is expected because ¢; and ¢, have
not the same sign. There are phase values for which \Ilc(x(t)) is
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Fig. 10. Sonar signal from a bat.

negative in the critical interval t € [2.5,7.5]. Note that this inter-
val is centered around the value d = —¢;/2¢, = 5. To the best of
our knowledge, this problem of sensitivity of W.(.) to initial phase
of the input signal has never been pointed out or studied in the
literature.

4.2. Application to real data

Positivity conditions of W.(.) have been established for con-
tinuous AM-FM signals. These conditions are checked on real bat
echolocation signal (AM-FM signal), recorded with a sampling fre-
quency of 230 kHz and an effective bandwidth of [8kHz, 80kHz].

The output W.(.) is calculated using its discrete version (Eq. 2).
To highlight the positivity region of W.(.), a logarithmic scale rep-
resentation is used

log W (.) = sign(TKy) log;o (1 + [TKq]) (51)

Fig. 11 depicts two time domains where log W (.), applied to
real signal x(t), takes negative values. However, using a smoothed
version of the signal, xsm(t), using a judicious filtering such as
Savitsky-Golay filter [60,61], the output of the operator will be pos-
itive everywhere. To test the conditions of positivity, samples of
the real signal are fitted by the AM-FM model given by relation
(9) followed by its demodulation. For the real signal of bat, dis-
crete version of ESA (DESA) is used [46]. To ensure the operator’s
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Fig. 11. Logarithmic scale representation of the output of the operator log W (.), ap-
plied to real signal x(t), and its smoothed version Xsn, (t).

non-negativity, the following criterion derived from condition CS1
must be positive.

51 =920 - 5 (5O +VFO + 720 (52)

To compute CS;, the real signal is demodulated using DESA and
the associated AM-FM signal (Eq. 9) reconstructed.

Fig. 12 shows that, compared to results reported in Fig. 11,
W.(.) exhibits less negative values due to smoothing effect of
the AM-FM modeling (Eq. 9). Criterion CS; evidences the instants
where W.(.) is negative, but it seems to be less exploitable. Also,
a careful examination of two plots of Fig. 12, shows that there is
no apparent link between the positivity of CS; and the output of
W.(.). These observations raise issues that need to be addressed.
Indeed, these issues can be related to noise level that contaminates
the signal, the sampling rate of the signal or to its initial phase. To
understand these problems and provide solutions, the real signal is
approximated with a convenient mathematical model.

Analytic model

We built an analytical model to gain an understanding of pos-
itivity conditions of W.(.) applied to real signal. We aim at con-
structing a continuous function that could represent the empirical
law which is behind the finite set of data. To approximate this real
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Fig. 12. Logarithmic scale representations of CS; and the output of the operator,
applied to signal after demodulation by DESA.
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Fig. 13. Approximation of p(t) using f;(t) functions.

signal, we model its modulating components p(t) and w(t) by the
following functions

P (t) = Pappr(t) = f1 () + fo(t) + f3(1) (53)

W (t) =~ wappr(t) = g1 (t) + &2 (t) + g3(t) + a(t) (54)

Mathematical expressions of f;(t) and g (t) and their derivatives
with respect to time are detailed in appendix section. Approxi-
mations of p(t) and w(t) using respectively f;(t)(oappr(t)) and
8k (t) (wapp: (t)) functions are depicted in Figs. 13 and 14.

Fig. 15 shows that criterion CS;, applied to signal approximated
by the analytic model, takes negative values on two intervals,
which are well evidenced on the zoomed plot of CS; over the in-
terval [0.25, 0.35] (Fig. 16). Operator W.(.) takes negative values on
the same intervals (Fig. 17), but not only as shown on the zoom of
plot of W.(.) over the interval [0.25, 0.35] (Fig. 18). This can be
explained by sampling rate. Using the constructed analytic model,
both signal x(t) and the output of W.(.) can be sampled at any
rate. Thus, using a down-sampling by a factor 4, Fig. 19 shows that
there are two intervals where the operator W.(.) takes negative
values, but only in the second interval the positivity condition CS1
is not respected. This result is expected since CS1 is sufficient and
not a necessary condition.
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Fig. 15. Logarithmic scale representation of the positivity criterion CS; applied to
signal approximated by the analytic model.
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Fig. 16. Zoom over the interval [0.25, 0.35] of the plot of CS;.

Dependence on the initial phase

The influence of the initial phase of the input signal must be
taken into account. Experimentally, for a given time discretization
step h this amounts to shifting samples with an amount less than
h. Outputs of W.(.) depend upon the time alignment of the time
discretization grid. As depicted in Fig. 20, by varying this grid, a
family of curves corresponding to different initial phase values is
obtained. These curves highlight the sensitivity of the operator’s
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Fig. 17. Logarithmic scale representation of the positivity criterion CS; and the out-
put of W.(.) applied to signal approximated by the analytic model.
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Fig. 18. Positivity criterion CS; versus operator over the interval [0.25, 0.35].
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Fig. 19. Positivity criterion CS; versus W.(.) using a down-sampling by a factor 4.
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Fig. 20. Positivity criterion CS; versus operator for different initial phase values of
the input signal.

output to the initial phase value of the input signal. Note that this
sensitivity to initial phase manifests itself only on time intervals
where the positivity criterion is not satisfied.

Comment: Unlike the method of Bovik and Maragos [47], our
approach establishes the sufficient conditions of positivity of the
operator for the class of AM-FM signals and brings out the de-
pendence of the positivity on the initial phase of the input signal.
More precisely, our approach highlights the existence of a critical
interval over which the operator depends upon on the initial phase
of this signal. Provided the analytic model of the signal, the pro-
posed method allows to predict the positivity or the negativity of
the operator, and this prediction cannot be done with the method
of Bovik and Maragos. This why analysis of both synthetic and real
signals have not been compared to this method, because it does
not take into account initial phase information of the signals.

5. Conclusions

In this work, we have established, in the general case of AM-FM
signals, a sufficient condition of positivity of the TK energy oper-
ator resulting in Theorem 1. This condition is equivalent, locally,
to that of positivity in zero (Corollary 3.3) of the quadratic sig-
nal xq(t) obtained by a Taylor expansion of input signal x(t). The
local study allows us to better apprehend the conditions of posi-
tivity and will be the object of later developments as well as the
discrete transposition of these conditions for a sampled signal. In
the case of quadratic signal, the geometrical formulation brings out
the dependence of the positivity of TK energy operator on the ini-
tial phase of the signal. Furthermore, we highlight the existence of
a critical interval over which the positivity of the operator is de-
pending on the initial phase. Outside this interval, the positivity is
preserved. As future research, we plan to extend this work to large
class of signals and particularly to images.

Declaration of Competing Interest

The Authors declare that there is no conflict of interest.
Acknowledgement

The authors thank the Associate Editor and the Reviewers for

their gracious comments and helpful suggestions that have greatly
improve the quality of the manuscrit. We appreciate the careful



Y. Préaux, Abdel-0. Boudraa and K.G. Larkin

reading of Reviewer #2. Also, the authors would like to thank Ecole
Navale for its support.

Appendix

fi(t) = Cn [1 —e O ] f(t) =my —Cp e~ )

f(t) = = M e-B®) ,81(t) = Ca3e3@©) "

&) = C34[1 B eu‘l(A4(t))k4]’g3 ) =ms + —B_ e B0
- B @y w2
g4(t) = 54\/—563
whereGizgzia\/L,F e,,E_;T Gj= (M; —mj), D; = li}?il‘
A ="t B(t)_—ei M; = 6.6, m; = 3.46, my = 3.8, t; =0,

Ai
A =0375, ky =8, ty=1.05 Ay=031, ky =12, a, = 0.08, s; =
0.02, e; = 0.285, M5 = 3000, mj = 2395, my = 2550, t; = 0, A3
0.5, k3 = 5, us = —1.3, t4 = 0073, )\,4 = 07, k4 = ]20, Uy = —1, as
46, 53 = 0.05, e3 = 0.32, az = 80, 54 = 0.032, ¢4 = 0.269.
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